CARLEMAN ESTIMATES FOR THE KORTEWEG-DE VRIES EQUATION
WITH PIECEWISE CONSTANT MAIN COEFFICIENT

CRISTOBAL LOYOLA

ABSTRACT. In this article, we investigate observability-related properties of the Korteweg-de Vries
equation with a discontinuous main coefficient, coupled by suitable interface conditions. The main
result is a novel two-parameter Carleman estimate for the linear equation with internal observation,
assuming a monotonicity condition on the main coefficient. As a primary application, we establish
the local exact controllability to the trajectories by employing a duality argument for the linear
case and a local inversion theorem for the nonlinear equation. Secondly, we establish the Lipschitz-
stability of the inverse problem of retrieving an unknown potential using the Bukhgeim-Klibanov
method, when some further assumptions on the interface are made. We conclude with some remarks
on the boundary observability.

1. INTRODUCTION

Let T >0, L >0 and p:[0,L] — R" be a piecewise constant function where p(x) = px > 0 on
each [ag,ar4+1) with I' = {a; < a2 < --- <ay-1} and ag = 0, ay = L. Given some initial data yp,
we study the following Korteweg-de Vries equation with piecewise constant main coefficient

Yo + p(2)Yrzx + Yr +yyz =0, (t,2) € (0,T) x (0, L),
y(t,0) =y(t,L) = y.(t,L) =0, t€(0,T), (1.1)
y(O,x) :yo(fL'), TE (OaL)7

coupled by the transmission conditions

y(t,ay) = ylt,af), te(0,T), k€ [1,N—1],
VPi—1Yz(tay) = /Prye(t,af), t€(0,T), ke [1,N —1], (TC)
pqum(t,ag) = pkyzm(tya;)u te (O,T), ke [[LN - 1]]-

Despite the discontinuity of the coefficient p, the transmission conditions allow us to consider this
model as a whole in (0,7") x (0,L), since they act as boundary conditions on each (ax,agt1),

ke [o,N —1].
The Korteweg-de Vries equation (KdV) is a well-known dispersive equation, introduced by
Korteweg-de Vries | | to model the propagation of water waves in a shallow channel, namely,

water waves with small amplitude and large wavelength compared to the undisturbed depth profile.
In this context, this kind of water waves in a channel with a sudden jump in the depth profile have
been modeled by a KdV equation with a discontinuous main coefficient | |. Thus, in this model
the function p = p(x) can be interpreted as the undisturbed depth profile with jumps of the channel,
whereas p(x) + y(t,z) represents the wave surface at time ¢ at position x. On the mathematical
side, to solve the KdV equation on the half-line, Deconinck, Sheils and Smith [ | has proposed
(several) interface conditions involving the first three derivatives (in space) of the solution at the
interface. The specific interface conditions of system (1.1)-(TC) were proposed by Crépeau | 1,
where the exact boundary controllability of such a model is studied. In this work, we continue the
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study of this equation by obtaining a new Carleman estimate under a monotonicity hypothesis on
the main coefficient, allowing us to deduce some results on the controllability and the recovery of
some parameter for this equation.

1.1. Main results. Let us define I}, := (ag,axt1), k € [0, N — 1]. In what follows w will be always
a non-empty open subset of (0, L). Due to the discontinuity of the main coefficient, it is natural to
impose some restriction on where the observation zone should be located. In this direction we will
introduce the following assumption on the pair (w,p):

Hypothesis M. there exists j € {0,..., N —1} such that the observation zone w is such that @ C I},
henceforth denoted as w € I, and the following monotonicity property holds depending on the
value of j:

(1) if j € {0, N — 1} then
{pwk) > p(ai), k€ [1,4],
pla) <play), k€ [j+1,N —1];

(2) if j =0 then

play) <play), k€ [1,N —1];
(3) if j = N — 1 then

p(a;) > plaf), ke [1,N —1].

Let s > 0 and let us introduce the space
HR(0,L) == {u e L*0,L) | u, € H*(I), k€ [0,N —1]}. (1.2)

Via isomorphism, H{(0,L) can be seen as the direct sum of the Sobolev spaces H*(I},) for k €
[0, N —1]. Thus, it has a Hilbert space structure equipped the inner product
N-1

<U7U>H§(O,L) = Z<U\Ikﬂf|,k>Hs(Ik)-
k=1

1.1.1. Carleman estimate. Let @ := (0,7 x (0,L). For some pg, p1 > 0 given, let us assume that

< min p(x) and ma z) < py.
Po = :pG[O,L]p( ) xE[O,)E]p< ) =P

Let b, d € L*°(Q) and let £:V — L?*(Q) be the differential operator given by
L =0+ p(x)02 + b(t,x)0, + d(t, z) (1.3)

where V is the space of functions u € L?(0,T; HE(0,L) N H(0,L)) such that Lu € L*(Q) and u
satisfies the transmission conditions

u(t,ay) = u(t,af), te(0,T7), ke[l,N —1],
ViU (ta;) = /Prus(t.al), t€(0,T), ke[l,N—1], (1.4)
pkz—luzm(tya];) = pkuxac(t7ak+)a te(0,7), ke [1,N—1].

For wy be a non-empty open subset of w such that wy € w. Fix k € (1,2) and let 5 be the weight
function constructed by Lemma 3.1 below. For A > 0, we introduce the Carleman weights

e N AB)
oy ) =gy

for (t,x) € Q. The main result is the following two-parameter Carleman estimate.

n(t,x) = (1.5)
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Theorem 1.1. Let (w,p) satisfy Hypothesis M and let wy € w be non-empty and open. There exist
so > 0, Ao > 0 and a constant C > 0 depending on w, I', L, T, p, ||Bllcs(o,p\r)s S0 and Ao such
that for all u € V we have

C// e (P A0E5 ul? + S3NE3 |ug|? + sAZE|ugy|?)dadt
Q
< le™™"Lul|2(g) + / / e 2(P N0 uPdadt 4+ sPAYE3 ug|Pdadt + sN2E |ugy|?)dadt  (1.6)
(0,T)xw

for any s > sg and A > .

The above estimate is derived by following Fursikov and Imanuvilov | |. We emphasize that
a Carleman estimate is of interest in itself due to the many applications they have found. We now
give two applications and in Section 6 we briefly discuss the case of boundary observability.

1.1.2. Local controllability to the trajectories. Let us consider the controlled KdV equation

Yt +p($)y:mcx + Yy + Yy = Ly, (t,.%’) S (O,T) X (Oa L)7
y(t,()) = y(taL) = yw(t7L) =0, te (OvT)v (17)
y(O,x) = y0($)> T e (OvL)a

coupled by the transmission conditions (TC), where yp is the initial condition, and v is a control
localized in some non-empty open set w C (0, L). We are interested in the exact controllability to the
trajectories for the KAV equation (1.7). More precisely, we wonder if, given 7" > 0 and a solution y
of the uncontrolled KdV equation

Yy +p(£)yxmc +7, +3y, =0, (tvx) € (OvT) X (O7L)’
y(t,0) =9(t, L) =9,(t,L) =0, te(0,7), (1.8)
y(O,x) = @0($)’ T €

coupled by the corresponding transmission conditions (TC), there exists a control v = v(t) such
that the corresponding solution y = y(t, z) satisfies y(T,-) = y(T,-) on (0,L). In Section 2 we
discuss the well-posedness of systems (1.7) and (1.8), both coupled by (TC). The controllability
result is the following.

Theorem 1.2. Let T > 0 and let (w,p) satisfy Hypothesis M. If y € C([0,T),L*(0,L)) N
L2(0,T; HY(0,L)) is the solution of (1.8), then there exists § > 0 such that for any yo € L*(0, L)
satisfying ||yo — Yollz2(0,0) < 9, we can find a control v € L?((0,T) x w) such that the corresponding
solution y to (1.7) satisfies

The strategy consists in first consider the system satisfied by z = y — ¥, which is given by

2t + p(2) 2000 + (2)2 + 222 = Lyv,  (t,2) € (0,T) x (0, L),
2(t,0) = 2(t) = z.(t, L) =0, t€(0,T), (1.9)
Z(va) = Zo(l‘), HAIS (OaL)a

coupled by the corresponding transmission conditions (TC). Then, establishing the exact control
to the trajectories reduces to establish the null controllability of the system (1.9). This is done
by studying the null controllability of the linearization of (1.9) and then employing a fixed point
argument to treat the nonlinear system. The null controllability of the linearized system follows by
a duality argument and a suitable observability estimate for the adjoint system. This observability
estimate is derived from the Carleman estimate given in Theorem 1.1.
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1.1.3. Retrieving a potential term. We consider the following nonlinear KdV equation

Yt + P(T)Yzax + pyz +yyz =0, (t,x) € (0,T) x (0, L),
y(t,O) = y(tv L) = yx(t’ L) =0, te (OvT)’ (1'10)
y(0,2) = yo(z), =z € (0,L),

coupled by the transmission conditions (TC), with potential © = p(x) and initial data yo. We
denote its solution by y = y[u]. We make the following assumptions on the interface I

Hypothesis J. The interface I and the coefficient p satisfy:

e The middle point of the domain is not an interface point: ay # L/2 for each k € [0, N — 1].
e The interface is symmetric, in the sense that ay + ay_r = L for all k € [0, N].

For m > 0 given, let us introduce the set of admissible potentials
2 (0,L) = {p e L>(0,L) | u(z) = p(L — z),VYx € [0, L] and [|p]| e < m}.

Before presenting the result, we refer to Section 2 below for the definition of the space H3 (0, L).
Following the Bukhgeim-Klibanov method, we can employ a slight variant of the Carleman estimate
given in Theorem 1.1 to establish the Lipschitz continuity of the inverse problem consisting on
retrieving the potential term on the equation (1.10). The result is the following.

Theorem 1.3. Let w C (0,L) be a nonempty open set containing L/2. Assume that T satisfy
Hypothesis 3. Let p be symmetric with respect to L/2, that is, p(x) = p(L —x) for all z € [0, L] and

{p<a,;> > plaf), k€ [1,|[N/2]],
play) < plaf), k € [|N/2],N].

Let w C (0, L) be a nonempty open set containing L/2. Assume that T satisfy Hypothesis J.
Let m, rg and K be some given positive constants. Let yg € Hfi((),L) N H%(O, L) satisfying

yb(@) = yh(L — 2) and |yp(z)| > ro > 0, Var € [0, L],

There exists a positive constant C depending on L, T, I', w, m, rqg and K such that for all u,
v € P20, L), it holds

I =vlir20,2) < Clly = 2l g 0,152 (0))
where the corresponding solutions y = y[u] and z = z[v] of (1.10)-(TC) issued from yo satisfy
max{ |||y 1.00 (0,791 0,0)) |2l w100 0,791 0,0 F < K-

Remark 1.4. Along the proof, we apply the Carleman estimate for (wp,p) satisfying Hypothesis
M, where wy € w is symmetric with respect to L/2. The symmetry and monotonicity hypothesis
imposed on p is then compatible with Hypothesis J.

1.2. Some comments on the literature. The Korteweg-de Vries equation is one of the most
celebrated nonlinear dispersive equations. The study of its controllability properties began with the
early works of Russel and Zhang | , ]. Since then, extensive research has been conducted
on its controllability properties. A good survey of results up to 2014 is provided by Cerpa | ]
Here, we briefly highlight some key issues.

Regarding our setting, where we aim to study the control properties of the equation, the un-
controlled system (1.1)-(TC), which notably has a piecewise constant dispersion coefficient, was
first proposed by Crépeau | ]. In that article, the boundary exact controllability with a single
control acting on the Neumann boundary condition is established by a multiplier technique, under
certain (smallness) conditions involving the coefficient p, the time 7" > 0 and the length L > 0. To
the best of the author’s knowledge, this is the only controllability result for such an equation. The
exact boundary controllability of the KdV equation is a delicate issue, as was already noticed by



CARLEMAN ESTIMATES FOR THE KDV WITH PIECEWISE CONSTANT MAIN COEFFICIENT 5

Rosier [ ] when he established (by a perturbative approach) that the exact controllability with
right Neumann control holds if the length L does not belong to a certain set of critical lengths.
Later, using more refined nonlinear methods, Coron and Crépeau | | showed the (local) exact
controllability of the nonlinear system holds even when the length is critical. Since then, extensive
research has been conducted on various control problems surrounding this issue; a good survey of
this phenomenon is given by Capistrano-Filho | |. As pointed out by Crépeau, obtaining exact
control properties in the discontinuous setting, even by a perturbative approach, appears to be a
challenging problem.

A less demanding property is the control to the trajectories. This was studied by Glass and
Guerrero | ] in the case of boundary controls. Observe that when 5 = 0, the control to the
trajectories is known as null controllability. Thus, the control to the trajectories can be seen as a
result in between the null controllability and exact controllability of the system. Moreover, it has
been used as a stepping stone to obtain exact control properties by introducing additional controls
acting on the system. For instance, Chapouly [ | employed this approach, leveraging control
properties of the viscous Burgers equation.

Furthermore, the control properties of linear KdV equation in different settings have already been
addressed by some authors. On one hand, the uniform controllability in the vanishing dispersion
limit has been addressed by Glass and Guerrero | , | under different boundary conditions.
On the other hand, the controllability properties of the KdV equation in networks with various
configurations has caught significant attention in recent years; see, for example, Capistrano-Filho,

Parada and da Silva | | and the references therein.
With regard to global Carleman estimates for the KdV equation, when a variable main coefficient
is considered Baudouin, Cerpa, Crépeau and Mercado | | derived a Carleman estimate for a

sufficiently regular main coefficient, leading to Lipschitz stability in the inverse problem of retrieving
the main coefficient of the equation. Here, we extend this result in a certain sense by allowing
discontinuities in the main coefficient.

Aiming to obtain controllability results and Lipschitz stability for certain inverse problems, global
Carleman estimates for PDEs with discontinuous principal coefficients have been derived in various
contexts. Most of these, however, impose either a monotonicity condition on the jump of the
principal coefficient, strong geometric assumptions at the interface, or both. Given the extensive
literature, we mention the early works addressing the heat equation by Doubova, Osses, and Puel
[ ], the wave equation by Baudouin, Mercado, and Osses | |, and the Schrédinger
equation by Baudouin and Mercado | |]. We also note that the monotonicity condition on the
principal coefficient has been relaxed in some one-dimensional cases: see Benabdallah, Dermenjian,
and Le Rousseau [ | for the heat equation, and Imba | ] for the wave equation.

We emphasize that local Carleman estimates are a key tool in establishing unique continuation,
observability, and controllability results. Moreover, their derivation typically requires less restrictive
geometric conditions, in sharp contrast to the global case. For example, without any monotonicity
assumptions or geometric conditions on the interface, local Carleman estimates (and related appli-
cations) were studied by Léautaud, Le Rousseau, and Robbiano [ ] in the multi-dimensional
parabolic case, and by Filippas | | for the multi-dimensional wave equation.

1.3. Outline of the paper. The rest of the article is organized as follows. In Section 2 we establish
the well-posedness of the uncontrolled KdV equation (1.7)-(TC) along with some regularity results
for the linear KAV as well as for its adjoint. In Section 3 we derive a new two parameter Carleman
estimate. In Section 4 we prove the control to the trajectories of the KdV equation. In Section 5
we prove the Lipschitz stability of the inverse problem of retrieving a potential term. In Section 6
we give final remarks about boundary observability.
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1.3.1. Notation. To make our computations clearer, the symbol [-], will denote the jump at a € T,
namely, for a function pu we write [u]q := p(a™) — p(a™). Given two quantities X and Y, we will
employ the notation X <Y to say that X < CY for some C' > 0, possibly depending on several
parameters involved in the computations. Often, we will use such notation when the constant does
not matter on the analysis or when its dependency is understood.
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2. WELL-POSEDNESS RESULTS

Let us first recall the definition (1.2) of H2(0, L) for s = 3. By Gagliardo-Nirenberg’s inequality,
if u, € H3(I}), it also belongs to C?(I}) and the operator

U , S H3(Ik) — uhk S CQ(Tk) (2.1)

I

is continuous. In particular, any u € HE(0,L) belongs to C?(Iy) for each k € [1,N —1]. For
u € H2(0, L), we introduce the transmission conditions

u@p) = ), ke[LN-1L,
Vh—1v' () = \/ngu’(a;), ke[1,N —1], (2.2)
pr—1u”(a;) = pku”(aﬁ), ke[l,N—1].

The natural space for the study of the system (1.1)-(TC) is defined as
H2(0,L) = {u € H3(0,L) | uw(0) = u(L) = u'(L) = 0 and u satisfies (2.2)},

which is a closed subspace of Hl?i and therefore a Hilbert space endowed with the inherited inner
product of Hg
Additionally, let us introduce the Banach space

x9(0,L) = C([0,T],L*(0, L)) N L*(0, T; H(0, L)),
equipped with the norm
-l 200,y = -l z20,7522(0,) + I 220,712 0,1) -
Similarly, we introduce the space
X (0, L) = C([0, ), Hp(0, L)) 0 L*(0, T; Hp- 1 Hp (0, L)),
equipped with the natural norm.

2.1. Linear Cauchy problem. Let us consider the inhomogeneous Korteweg-de Vries equation
with source term f

c (0,7), (2.3)
S

coupled along with the transmission conditions (TC).
Let A : dom(A) C L?(0,L) — L?(0,L) be the formally defined linear operator given by A =
—p()82 with domain dom(A) := H3(0,L). We also introduce its formal adjoint operator of A,
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defined by A* : 2 — p(x)2zz, With domain dom(A*) given by those functions z € HE(0, L) satisfying
2(0) = 2(L) = 2z,(0) = 0 and the transmission conditions (2.2).

Lemma 2.1. The operators A and A* are well-defined.

Proof. Let z € H3(0,L). If ¢ € C(0,L), as 2 € H3(Iy) for all k € [0, N — 1], by performing
integration by parts on each I; and adding up all these integrals, we get

ak+1 3 ar
Z/ pa ZSde = Z / Dk—12z222dT — Di— 1mez|ak L
1

k=1 -
L N-1
:—/ (pd22)( xgodm—l—Z(,pak [Pr2zz]ay-
0 k=1

First, note that [przye)e, = 0 for k € [1, N — 1] due to the transmission conditions and therefore
the trace terms above all vanish. As pd2z € L?(0, L), we have that (pd3z, ¢) r2(0,z) is well-defined

and equals — fOL (p022)(Dpp)dz. As ¢ is arbitrary, pd3z is well-defined as a function in L?(0, L) and
the conclusion follows. O

We can now employ semigroup theory tools to study the linear Cauchy problem (2.3)-(TC).

Proposition 2.2. The operators A and A* both generate a strongly continuous semigroup of con-
tractions on L?(0,L).

Proof. The operators A and A* are both closed. If z € D(A) then

L
<~AZ7 Z>L2(0,L) = _/ p(x)zxxedx
0

N
§ / Pk—1Z22220dT — Dk— lzxacz‘ak 1
k=

1

N
=5 (B ()P — o)) — phreaa)2(05) + Pzl ol )

k=1
» N-1 1
0
— _5 :E ‘2 + Z <_ p’zm‘ ]ak + Z(ak)[pkza:m]a >
k=1
Po
= D50 <0
In a similar way, A* is also dissipative since
* PN-1
(2. A2 200y = = |2:(L)[* < 0.
The conclusion follows from the classical Lumer-Phillips Theorem. O

Using semigroup theory and the multipliers method, we obtain the following well-posedness result
for the linear Cauchy problem (2.3)-(TC) along with the classical Kato smoothing effect.

Proposition 2.3. Let T > 0. If yo € L*(0,L) and f € L'(0,T;L?(0,L)), then there exists a
unique mild solution y of the KdV equation (2.3)-(TC) that belongs to X2(0,L). Also, there exists
C=C(T,L,T,p) > 0 such that

1Yllx00,2) < C (ol 20,1y + I1F 1 0,7522(0.2))) -
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Proof. Using Proposition 2.2, there exists a unique mild solution y of (2.3) which belongs to
C([0,T),L3(0, L)), see | , Chapter 4]. Moreover, there exists C' > 0 such that

HQH%([(),T],B(QL)) < C(HyOH?y(oL) + Hf”%l(O,T;L2(O,L)))'

In what follows we consider yy € ’7‘-[%(07 L) which, by a standard density argument, is enough to
employ the multiplier method. Let ¢ € C([0,T] x [0, L]) be such that g, € C*°([0,T] x I);) where
qx. denotes the restriction of g to Iy for k € [0, N — 1]. Performing several integration by parts we

obtain
S S
2/ / C]’yytdﬂﬂdtZ/ / C]t\y|2dazdt+/ alyl?
0 Ik 0 Ik Ik
and
S S S
2 / / qPYYzeadrdt = — / / Paaa|y|’dadt + 3 / / PG|y | dadt
o Jr, o Ji, 0o Ji,

S
+ / (Pquax|y* — Palyzl* — 2000 yye + 20qYYss)
0

S
dx
0

Ak+1

dt,

ak

for each k € [0, N — 1]. By adding these equations we get

s L L
3/ / p(h|yz’2d$dt+/ alyl?
0 0 0

s L s N-1 s
2 /0 /0 ayfdudt - /0 polys (L)t + 3 /0 (10 + Paaelon ly(t @) 2 — (gDl (8, 0 ) 2)dt
k=1

s s L
dr = / / <Qt +pCIz:va:)‘y’2dxdt
0 0 JO

N-1 .4
+2 Z /0 ([q]aky(uak)pkymr(al—:) - [\/ﬁqr]aky(ak’)vpkyw(t?az_))dt'
k=1

By setting s = T and choosing qo(z) = z//po for = € Iy and qi(z) = (x — ax)/\/Pk + qr—1(a,, ) for
x € I, for all k € [1, N — 1], we readily get the identity

T L L L T L
3 / / VPlysl2dzdt + / aly(T, 2) Pz = / dlyo(2) 2z + 2 / / ayfdadt.
0 0 0 0 0 0

The above identity together with the previous estimates implies
e 2202y < CCT, LT, ) (lloll2a + 1£12112).
This concludes the proof. O

Remark 2.4. The multiplier employed in the previous proof was introduced by Crépeau | 1,
capturing the transmission conditions and being similar in spirit to the one used by Rosier | ]

Remark 2.5. At the L2-level of regularity, the transmission conditions (TC) does not make sense.
They are understood as an extension of the related semigroup and the solution is understood in the
sense of Duhamel’s formula.

2.2. Nonlinear system. Let z € X2(0, L) be given and consider the system

Yt +p($)yacm: + Yr = — 224, (t,l’) € (OvT) X (07 L):
y(t,0) =y(t,L) = yu(t, L) =0, t€(0,7), (2.4)
y(va) = yO('T) T € (OvL)a

coupled by the transmission conditions (TC). Let A := —p(2)92 — 8, with D(A) = D(A). Straight-
forward computations reveal that the conclusions of Proposition 2.3 still hold true when A is replaced
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by A. Thus, due to the Kato-smoothing effect and Proposition A2, —zz, is allowed as a source
term and we can introduce F : X2(0,L) — X2(0,L) to be the map defined by F(z) = y, where y
is the solution of (2.4). It is well-defined and characterized by Duhamel’s formula

y(t) = etAyo + / t et=9A(_ ) (s)ds, Wt € [0,T], (2.5)
0

where (etﬂ)te[o T
We now establish global well-posedness using a classical fixed-point argument. Assuming more

regularity on the initial data, we can guarantee the existence of a more regular solution as classically
done for the KdV equation by Bona-Sun-Zhang [ , Theorem 4.1].

} is the strongly continuous semigroup of contractions generated by A.

Proposition 2.6. Let T > 0 and L > 0. For any initial condition yo € L*(0,L) the system
(1.1)-(TC) has a unique solution y € X2(0, L) which satisfies

”yHX%(O,L) < Cllyollz2(0,1)5 (2.6)
for some C' = C(T, L, p, |yollr2(0,r)) > 0. If, additionally, yo € H3(0,L) theny € XRT(O, L) and
HyHXl?’T(O,L) < Cllyoll 20,1 (2.7)

Proof. Observe that the constant C' > 0 given by Proposition 2.3 is affine on T" > 0. Then, any
0<7<T, we have

IF(2)[l 200,y < C (lyoll 20,y + 1222l 21 0,722(0,L))) -
By using Lemma A1 on (0, L), the previous estimate implies
||f(Z)HX$(o,L) < Cllyollz2 + 01(7'1/2 + Tl/s)HZHXS(O,L)||Z||X9(0,L)'

for some C7 > 0. Let R > 0 be such that

= QCHyOHB(o,L) and 01(71/2 + Tl/S)R <

N,

With this choice, for small 7, we readily see that F maps the closed ball Bg = {z € X0 : 2]l x0(0,) <
R} into itself and

1F(21) = F(z2) | xo0.0) < Cr(r2 + 73) (|21l w00,y + 1221l x0(0.2)) 121 — 22l xvo(0,1)
1
< §||Zl — 22| x0(0,2)-

The smallness condition imposed previously by R allows us to apply the Banach fixed-point
theorem in time 7 < T, which give us a unique fixed point y of F belonging to B and by consequence
being the unique solution y € X°(0, L) of (1.8). We observe that 7 € (0,7] is independent on
ol £2(0,z)- Thus, up to shrinking 7 if necessary so that nr = T' for some n € N, we can extend the
previous argument on intervals (7, 27|, (27,37], ..., ((n — 1)7,nT = T]. Therefore, the existence of a
solution y € X2(0, L) is guaranteed.

If yo € H%(O, L), we can set z := y; and look at the equation it satisfies. We can replicate
the previous reasoning to get that [[2[|xo 0,y < Cillyoll 3 (0,0)> Where Cy only depends on T" and

lyoll z2(0,)- Thus, by carefully using the fact that z = —p(2)Yzze — Yz —yy. (vecall that p is piecewise
constant), we obtain estimate (2.7). The details are easily fulfilled following | ] O
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2.3. Adjoint system. We now introduce the notion of weak solutions that will be used for our
controllability problem in Section 3. The following definition is motivated by performing integration
by parts as the ones done in Proposition 2.2.

Definition 2.7. For (f,yo) € L?(0,T; H-1(0,L)) x L*(0,L) a function y € C([0,77],L?(0, L)) is
called a weak solution of (2.3)-(TC) if it satisfies

T
//Q ygdzdt + (y(T)#PT)L?(o,L) = /0 (f, (P>H*1(O,L)><H5(O,L)dt + (Z/07<P(0))L2(0,L)7

for all (g, 1) € L'(0,T; L?(0,L)) x L*(0, L), where ¢ is the mild solution of the adjoint system
—pr — p(@)pzax = g, (t,z) € (0,T) x (0, L),
©(t,0) = p(t, L) = p(t,0) =0, te(0,T), (2.8)
o(T,z) = pp(z), =x€(0,L),

coupled by the corresponding transmission conditions (TC).

Remark 2.8. Similarly as we did in Proposition 2.3, we can state that for any @1 € L?(0, L), there
is a unique mild solution ¢ of (2.8) which belongs to X?(0,L). In particular, it also enjoys the
Kato-type smoothing effect and henceforth the above definition makes sense.

Remark 2.9. A simple computation using integration by parts shows that a (piecewise) regular
solution y of (2.3)-(TC) is also a solution in the above sense.

We now establish some regularity estimates for the adjoint system (2.8) that will be needed later
in Section 4. We recall the definition of H*(0, L) given in (1.2) and we remark that in the next
result we make the notational convention Hy'(0,L) := H~1(0,L), where H~! is the usual dual
space of HD1 equipped with the dual norm

L
/ Yhdx
0

[¢]lg-1 = sup
heHL(0,L)
Ill g <1

as a consequence of Riesz’s representation theorem.

Proposition 2.10. Let T > 0. If oy € D(A*) and g € L*(0,T; D(A*)), then there exists a unique
strong solution ¢ of the adjoint equation (2.8) such that, for some C = C(T,L,T',p) > 0,

H90HC([O,T],H%(O,L))OL2(O,T;HI‘E(O,L)) < C(HSOTHHg(o,L) + HQHLl(O,T;Hl:i(O,L)))' (2.9)

Additionally, if g € L?(0,T; D(A*)), then for s € {0,1,2,3}, we have
HSOHLQ(O,T;HIEH(O,L)) < C(H‘PTHHF(O,T) + Hg”LQ(O,T;Hffl(O,L)))' (2.10)
Proof. The existence follows by classical semigroup theory as done in Proposition 2.3, see | ,

Chapter 4]. We thus focus on obtaining estimates (2.10).

Step 1: case s = 0. This case is handled exactly as in Proposition 2.3 by employing Proposi-
tion 2.2. Moreover, arguing as in the proof of Proposition 2.3, but instead by choosing the multiplier

gn-1(z) = (x — L)/\/pn—1 for x € In_1 and qi(z) = (z — ag+1)/\/Dk+1 + qk+1(a§+1) for x € I, for
all k € [0, N — 2], we obtain

T L L I S
3/0 /0 \/13‘90x|2dxdt+/0 \q¢(0,x)|2dg;:/0 |QS0T(£L‘)|2d$—}—2/O /0 lqlpgdadt.

Thus, since p is bounded by below, by using Poincaré’s inequality, for any € > 0 we have

lpall3azzy < CllorlZa + ellpallara + CellglZagsr.
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By choosing £ > 0 small enough, we readily get inequality (2.10) for s = 0.

Step 2: case s = 3. Let pr € D(A*) and g € L*(0,T;D(A*)). By classical semigroup theory, then
v € C(]0,T],D(A*¥)). Hence, if we let w = A*¢p, it is a mild solution of (2.8) with initial data A*@rp
and source term A*g € L'(0,T; L*(0, L)). Furthermore, we can perform the same analysis as in the
case s = 0, which lead us to

lwll 2 0.m 0,09y < C (A 01720,y + A9l T2 (5r-1y)- (2.11)
To estimate the last term in the right-hand side above, we use
L L
[A*gllgr-1 = sup / PYzzchdz| = sup / PYzchad).
heH}(0,L) 1J0 heH(0,L) 140
12 <1 170 g <1

Indeed, as we did in Lemma 2.1, we have A*g € L?(0, L) and thus (A*g, h)r2(0,0) = —(PGax> hz)r2(0,1)
due to the transmission conditions. By Cauchy-Schwarz’s inequality, we get

L
gl =  sup /Opgmhxdx

heH(0,L)
IIhIIHégl

< pgaellzz < Cligllmz- (2.12)

As p is bounded by below, by using the transmission conditions again, we have that

el zeormaco,)) S lwllezommo,0)) + lell20,7;010,1)) (2.13)
and gathering inequalities (2.11)-(2.12)-(2.13), we have
”SOHLZ(O,T;H‘FI(QL)) S ”<PT”H3 + H9HL2(0,T;H§(0,L))7

proving estimate (2.10) for s = 3.

Step 3: cases s = 1,2. Observe that with a similar reasoning we can obtain estimates for s = 1 and
s = 2. Indeed, let us introduce

o(t) := " (Vpdier) + /0 =AY (/pd2g)(s)ds, t € [0,T).

Note that v is a mild solution on X{(0, L) of (2.8) with initial condition \/pd2¢r € L?(0,L) and
source term ,/pd2g € L'(0,T;L?(0,L)). Thus

vl 20,51 0,)) S \|\/233280THL2(0,L) + ||\/I33§9||L2(H—1)- (2.14)
As in the previous case, integrating by parts and using that the transmission conditions, we have
L L
H\/ﬁagg”LQ(H—l) = sup / \/ﬁgxxhdl‘ = sup / \/ﬁga}hxdm < ||\/]39x||L2~ (2-15)
heH(0,L) 1J0 heH(0,L) 10
1R gy <1 17l g <1

Since p is piecewise constant, we see that v = \/pp on (0,T) x (ay, ax4+1) for k € [0, N —1]. With
this observation and using that p is bounded by above and below, putting together inequalities
(2.14) and (2.15), we arrive to

||90HL2(0,T;H1§(O,L)) N ||90T||H12(0,L) + ||9||L2(0,T;H1(0,L))~
Lastly, note that

t
u(t) = e (D,00) + / 94" (8, 0V(s)ds, ¢ € [0,T],
0
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is a mild solution of (2.3) in X%(0,L) with initial data d,¢r € L*(0,L) and source term d,g €
LY(0,T; L?(0,L)). With the aid of Duhamel’s formula we get d,¢ = u in X2(0, L) and the estimate
for s = 1 follows as in the previous cases. O

Remark 2.11. Estimates like (2.10) are usually obtained by means of interpolation theory. However,
we avoid such kind of arguments since the description of the interpolation space [L2(0, L), D(A*)]q
is a delicate issue. Up to the author’s knowledge, it is not a result available in the literature and it
is outside of the scope of the present article.

We now establish a similar result for the adjont system to the linearized version of (1.7) with a
regular source term. These estimates are key for the proof of Proposition 4.1.

Proposition 2.12. Let T > 0 be given and assume §j € XO(O L). Then for any pr € L*(0,L) and
g € LY0,T;L*0, L)), there exists a unique solution ¢ € X2(0,L) of

ot — P(¥)Pazz — Yz — Tz =g, (t, ) € (0,T) x (0, L),
(p(t,O) = (p(t,L) = pr(ta 0) =0, te ( ) )7
(T, z) = pr(z), =€(0,L).
Additionally, if § € XﬁT(O,L), o1 € D(A*) and g € L?(0,T;D(A*)), then for s € {0,1,2,3}, we
have

||<P”L2(0,T;Hii+1(o,1;)) = C(”@T”HF(O,T) + ||9||L2(0,T;H;—1(0,L))) (2.16)

Proof. By linearity, we split ¢ = ¢! +¢? where ¢! solves the system with initial data ¢7 and source
term g, and (2 solves the system with potential 77. To treat ¢! we use Proposition 2.10 and to treat
©?, we use a fixed point argument following the same steps of the proof of Proposition 2.6. The
estimates follow from Proposition 2.10. We omit the details. g

Remark 2.13. Note that the statement of Proposition 2.12 is not empty, as shown by Proposition 2.6.

3. A GLOBAL CARLEMAN ESTIMATE

We first introduce a weight function with internal observation. Let j € {0,..., N — 1} be fixed
in the sequel and let wy € I;.

Lemma 3.1. There exists a continuous function 8 € C([0,L]) such that B|g- € C3(Iy,) for k €
[0, N — 1], satisfying the following properties
(1) for some r > 0, it holds that

min B>7r and B, # 0 in I; \ wo
z€[0,L]

and depending on the value of j:
(a) if j €{0,N — 1} then

Be>1>0 inly forke[0,5—1],
Be <—1r <0 inly forke[j+1,N—1];

(b) if 7 =0 then
Be < —r <0 in Iy, for k € [0,N —1];
(c) if j =N —1 then
Be >1 >0 in Iy, for k€ [0, N —1];
(2) for some k € (1,2) it holds that

krmax < 2min g, k€ [0, N —1]; (3.1)
zely, z€ly
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(3) at the interface the following transmission conditions holds:

Bla,) = ﬁ(aﬁ), ke[l,N —1],
\/pk—lﬁx(a];) = \/pikﬁx(azr)v ke [[LN - 1]]7 (32)
pkflﬁxz(a]:) = pkﬁzz(az—% ke [[LN - 1]]

Proof. We will show the existence of such a weight-function 8 by explicitly constructing a piecewise
linear function, excepting the observation interval I;, satisfying all the afore given properties. Al-
though this is enough to obtain our Carleman estimate, we point out that a more general 8 could
be constructed, see for instance | , Lemma 1.1, Lemma 2.1].
In what follows, we will denote the restriction of 3 to Ij by Bhk := B for k € [0, N —1].

Step 1. Piecewise affine on the left. For k € [0,j — 1] we define i (z) = my(x — ay) + ¢, where my,
and ¢y, are to be chosen. The third equation of (3.2) is trivially satisfied. By the second condition,
we see that

VPEME = /P11, k€ [0, —1].

By taking mg > 0, we inductively obtain {m1,...,m;}, with each m;, depending on mg and p; for
0 < i < k. Furthermore, we ensure that 3’ is positive and bounded by below on each one of these
intervals.

Step 2. Quartic polynomial on the observation zone. To start the construction, let us impose B;’(x) =
mj(z — a;j)(x — ajy1), for some m; € R to be determined. With this choice, we ensure that the
third equation of (3.2) is satisfied on both sides of I;. We thus have

xr
Bj(x) = my / (t — a;)(t — ajy1)dt + ny, (3:3)
aj
where n; = 7%}1:7;1, prescribed by the transmission condition on the left. For the condition

on the right, we see that our choice of m; will determine ﬂ}(aj_ﬂ) and thus we choose it so that

ﬂ}(aj__H) < 0. To ensure the latter condition, a simple computation leads us to impose impose

6nj

N o 3.4
(a1 —az)® = (34)

Let us suppose that the observation set is given by wy = (aj + o, aj4+1 — 1) for dp,d1 > 0. Let
us denote by I; = I;(x) the integral term on (3.3), defined for = € [aj,a;41]. Observe that I; is
negative and strictly decreasing. To ensure that the conditions 5} (a;+do) > 0 and f}(a;+1—31) <0
hold, along with (3.4), we impose that m; satisfies

{ 6’)7,]' 67”Lj } < < 6nj
max s ms _
(ajr1 —a;)3 [Tj(ajp1 — 01)] 77 (g + o)

which is consistent since |I;| is strictly increasing. With these choices, by the intermediate value
theorem we ensure that any zero of B; must lie inside of wy and thus ,8;- #0in E \ wo-

Step 3. Piecewise affine on the right. As in the first step, for k € [j + 1, N — 1] we define fi(x) =
mg(x — ax) + ¢, where my and ¢ are to be chosen. Once imposed the condition \/pjﬁé (aj_ﬂ) =
V/Pj+1mjt1, the coefficient m;i; is determined by our previous choices of mg and m;, along with
the parameters po,...,pj+1 and ag,...,aj41. We then define the remaining my’s inductively by
using the second equation in (3.2).
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Step 4. Final bounds. We start by asking ¢y > 0 to be large enough so that Sy > 0 and by monotony
this implies that 5, > 0 for each k € [1,7 —1]. Furthermore, by choosing co > §(a;1 — aj) we
verify (3.1) on Ip. By imposing the continuity condition, inductively, we obtain

k

CLp = Z’I’I’LIL(CLZ — ai,l) +co, k € [[1,] — 1]] (35)
i=1

Once again, inductively, we see that by taking cg large enough satisfying

k-1

K .
mi—1(ak — ag—1) = > _mi(ai — a;i 1), k€ [2,5 — 1],

co> ——
(2—kK) pare

we verify property (3.1) for k£ € [0,7 — 1]. On I; we have
x
Bj(x) = / Bi(s)ds + cj, = € Ij.
aj

The continuity on the left-end point of the interval extends the validity of (3.5) for k = j as well
and on the right-end point we get ¢j1 = f; (aj_+1)‘ If 2*, 2, € I; denote the points where 3; attains
its maximum and minimum, respectively, since ¢; depends in an affine way with respect to cy, we
further impose that c¢g is such that

/@/Ox B35(s)ds — /Ox* Bi(s)ds < (2 — K)cj,

and this inequality implies that (3.1) is verified for £k = j. In the remaining pieces, we proceed
as before: once imposing the continuity condition at aj;1, we see that cj;1, and hence ¢ for
k € [j+ 1, N — 1], depends in an affine way with respect to ¢y, so we can verify (3.1) for k €
[+ 1, N — 1] by choosing ¢y large enough.

By piecing together all the 8;’s we obtain the desired weight function S. O

Remark 3.2. Since we are deriving a two-parameter Carleman estimate, a condition on the second
derivative of the weight function is not required, unlike in the one-parameter case. However, we
retain the second-order transmission condition, as it simplifies some computations later on.

Let us set Q" = (0,7) x ((0,L) \T'). The weight functions (1.5) satisfy the following identities

O = —Q?B’% 0§ = >\2€’5,T in Q'
t1 = ﬁﬁ, 0§ = t(T;—t)f? in Q.

We have that for each k& € N, there exists C' > 0 independent of A > 0 such that
0kn(t, )| + |05E(t, )| < COF + M1 L+ A+ 1)¢(t, @), (o) € Q). (3.6)
Furthermore, due to the properties of 3, there exists a constant C' = C(T") > 0 such that
C™l<g(tw) and |9t 2)] + |08(t )| < CE(t,2), (t2) € Q. (3.7)

These estimates will give us the heuristics to identify the dominating and lower order terms coming
from the integration by parts later on.
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3.1. Proof of Theorem 1.1. Let s > 0 and define Vs = {e *"u : v € V}. For u € V set w = e *"u
and introduce the conjugate operator

Low = e 1L(e"Mw) = (L1 + L2+ R)w
where
Liw = w; + 3ps*nijwe + pwezs + 3pms iuneaw,
Low = ps niw + 3psizwes + 35we (P ),
and
Rw = bsnyw + bwy + psnezew + 3ps NeNeew + dw + s7:w — 38PaNpWe — 3pPMS>NyNpzw,

for some constant m > 0, to be chosen later. By Lemma 3.1, since [ satisfies the transmission
conditions, the conjugate function satisfies them as well:

w(t,a;) = w(t,af), te (0,7), ke[l,N—1],
\/pk—lwx(ta];) = \/pikwx(tva;r)? te (OvT)a ke [[LN - 1]]a
Pro1Waa(t,ap) = prwe(t,af), t€(0,T), ke [1,N—1].

Taking the L?2—norm to L, we obtain
”'CIUJH%?(Q) + H£2WH%2(Q) + 2(Lyw, Low) 2(q) = [|Lyw — Rw”%?(@)
and then
”L‘le%?(Q) + HEﬂUH%?(Q) + 2(L1w, Low) 2(q) < QH‘CWMH%Q(Q) + 2”73@0”%2(@)-

3.1.1. Double product term. To fix notation, in what follows the symbol \6 denotes the evaluation

at the end points considering the interface, namely, u|f = Ziv:_ol plartt. Henceforth, we will write

nly = n(L) = u(0) = [l
a€el

Denote by I;; for i € [1,4], 7 € [1,3] the ij—term of the L?—product (Lrw, Low) 12y We have
that w(0,t) = w(L,t) = 0 for all t € (0,7) and w(z,0) = w(z,T) = 0 for all x € (0,L). In
what follows, for each term I;; we will perform several integration by parts and we will write once
explicitly all the terms. Then we will gather these terms into two different groups: the distributed
and boundary-interface terms. Within these groups we will split the terms with respect to the
powers of s, A and ¢ into dominating and lower-order terms: the former will give produce the
weighted norms we are looking for and the latter will be absorbed for large s and A.
We perform the integration by parts below:

3
hn = [ pstutwudadt = 555 [ | paeeupasat
Q Q

Ii5 = 3s // PN Wapwidxdt
Q

3 T
=i~ 39\ [ [ pBatihu,Pdode — 35 [ piuwwde
Q 0

Iy = 3s° // p277g5ﬂwwxda:dt
Q
T
0

3 15 3
—5x | /Q 0P B)u P dadt + 5250 [ /Q PR uldrd — SN [ R i

L

I

0

L

I

0
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Iy = 953 // p2n2wxwmdl‘dt
Q

L

T
)
0 0

9 27 9
o | /Q P60 st + s [ /Q P Pdndt — 550 [ B2 P

Iz = 9// P 02 () o we | *ddt
Q

o5t [ /Q P93 Pt — 957 [ /Q P2 B33 Pdadt,

I3 = s3 // p2n2wwzmda}dt
Q

$3\3 3 9
== //Q(p25§§3)xm|w|2d:vdt—253)\3 //Q(p2ﬁg)x£3|wz|2dwdt—253)\4 //QpQBiﬁ?’\wm]dedt
33)\3T233 2L 33T233 33)\3T233 2L
=T [ @ el + s [ 0Pa et + 5 [ 6w P
0 0 0 0 0 0
T L
- 53)‘3/ p25§§3wwmdt ’
0 0
I3o = 3s // p2nzw:c:cwxa:mdxdt
Q
3 2 2 3 12 2 02 2 3 T 2 2 -
= 58)\ (p°Bz) x| Was|“dxdt + 55)\ P B | Wag|“dxdt — 53)\ P Lol we|“dt|
Q Q 0 0
I33 = 3s // p(pnx)mwxwmzzdxdt
Q
3
— o /Q (PP )osla + 351 /Q P(0Be ot ez 2t + 3572 /Q P2 B2 gy [Pt
T L T L

)

0

3
+ 28)‘/0 (p(pﬁxg)x)a:‘wx‘zdt

- 35}‘/ p(pﬂxf)zwxwzxdt
0 0

Iy = 3ms® // p2n3nm\w|2dazdt
Q

= —3msS\° //QpQ,Biﬂmfﬂw]dedt — 3msO\ //62p2ﬁ356|w|2d:ndt,

Lo = 9ms® // p2n§77mwwmdxdt
Q
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9 202 2 9 4 2 n4 2
- §m53A3 / / (P? B2 Bw€?) we|w|?dxdt — §m53)\ (p2B2E3) po|w P dadt
Q Q

+ 9ms3A\3 //Qp2ﬁgﬁm§3|wx|2dajdt + 9ms3At //Qp2ﬁﬁf3|wx|2dmdt

9 T Loy T g
+ 2m33)\3/ (P B2 Bun€d) | w|?dt| + 2ms3)\4/ (p*B2E3) o Jw|?dt

0 0 0 0
T L T L
—9m53)\3/ pQﬁgﬂmfgwwmdt —9ms3)\4/ p26§£3wwxdt ,
0 0 0 0

I3 = Ims® // p(pnx)mnxnmmwwmdwdt
Q
9 9
—ymstx [ /Q P(0B26): BaBse sl Pdndt + Sms' ! /Q [P(PBa)a B2 o Pzt

L

T L T
= gmstN [ o8Bl — Sms' N [ (o3 ol

0
3.1.2. Gathering terms. We split the double product terms as follows

1
(Lrw, Low)r2(q) = <25 - 3m> sA° //QpZng‘r’dexdt

+ 9ms3 A\t // p2BEed w, | Pdadt + gsv // P2 B2E W) dadt + DOV 4 B
Q Q

where ©% and B gather the lower order distributed and boundary-interface terms, respectively.
To be precise, using inequalities (3.6) and (3.7) we have the following estimate

|DPw| < (s9A5 + s3X6) // &5 \w|*dzdt
Q

+ (A% + 50 // £3|wm2dwdt+s>\// E|lwye|?dxdt.  (3.8)
Q Q

For the boundary-interface terms, without taking into account any of the boundary conditions nor
the transmission conditions, we have

3 5.5 T 205650, 12 - 9 3.4 T 2033 2 g
O L A 3 R R S P A R
0 0 0 0
9 3.4 T 3¢3),.12 . s3IN3 (T 25343 2 g
2 0 0 2 0 0

L L

9 T
2 - GmsiA? /O P(PBeE)aBrBaat? w|2dt

L

T
IR / (P52 800 3), ]2t
0

0 0

L L

3 T 2 3 r 2 2
+ 53/\ ) [P(PB2E)e)e|we|"dt| — 53)\ ; P~ B |wee|“dt

L

T
—433)\3/ p26£§3\wx\2dt
0

0 0

T
+ 83)\3/0 (p26§§3)xwwxdt

0

L L

T T
— 35\ / P(PBLE) sWatprdt]| — 3N / p* B3 ww,,dt
0 0

0 0 0
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L L

L T
— 3sA / pBL&wrw, dt
0 0

T
— 9m53)\4/ p2ﬁ§§3wwxdt
0 0

T
— 9ms’\? / P* B2 Bar P wuw,dt
0

0

In view of the boundary and the transmission conditions, we split 8 as follows
B =B + By + B+ Br,

where each one of these terms is described below. First of all, 28, and 8 correspond to those terms
at x = L and 0, respectively, that have fixed sign

T 3 T
B = —433)\3/ p(L)?B3(L)E3(t, L) |wy(t, L)|*dt — 23/\/ p(L)?Bo(L)E(t, L)|wee (t, L)|?dt,
0 0

T T
B =453 [ 020 (0 0lwa(L 0P+ 55) [ p(07 5 0)€(t 0l (1,0) e,
0 0
and B* corresponds to the terms without fixed sign at the boundary

3 (7 30 [
B = 23>\/0 (p(pﬁxg)x)x‘x:ﬂwﬂﬁ(t’ L)|2dt - 23)‘/0 (p(pﬁzf)x)x}xzo‘wx(ta 0)|2dt

T T
+35)\/0 (p(pﬁxﬁ)x)’xzowx(t,O)U)m(t,())dt35)\/0 (p(pﬁzf)x)’x:wa(t, L)wg,(t, L)dt.

In the same spirit as before, we split the terms at the interface as follows

Bp = BE™ + BEY =Y (B (a) + B (a)).
acll

Here
d 3 5415 r 5 2 5 2 343 r 2 103 2 3
B(@) = 300 [P + 4530 [ B g i
T 3 T
IS / B wnweladt + 25X / (% Bulne [2]a (1, a)dt
0 0

T
+38}‘/ [pﬂacfwth]adt
0

and ’Blp"“’ gathers the remaining terms at the interface, which will be shown to be of lower order
with respect to ‘B%(’m.

3.1.3. Estimates for the distributed terms. First we fix m € (0,5/2). Henceforth the generic constant
depends on L, T', po, p1, ||5]lc3, 7, sSo and g, where so and \g will be chosen later. The dominating
terms are bounded by below as follows

15 9
<2 - 3m> $O\O //62p25555]w|2d$dt+9m83)\4 //62p26§§3]ww|2dxdt+2s)\2 //Qp25§§|wm|2d:vdt

T
2 / / (s° M08 w|?dxdt + s N1E3 | wy|Pdrdt + sN2E|wee|?) dadt.
0 (0,L)\wo

Let us introduce the following weighted norm

]2 g = 5508 //Q£5|w|2dxdt+53)\4//Q§3wx|2dxdt+s)\2 //Q£|wm|2dmdt.
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Thus, estimate (3.8) reads as
1 1
low
o5 (45 o

and in consequence, by choosing sy and \g large enough, we get

2
87)\75 '

w2 re +B < (Lrw, Low) )
+ / / (° X563 |w P dzdt + s N3 wy|Pdadt + sN2E | wee|?)dadt, (3.9)
(O,T)Xwo

for all s > sg and A > Ag. Additionally, for the definition of R, we observes that the highest powers
are s*\ for the zero order term and s?A? for the first order term. From the regularity assumptions
of p, b and d we obtain we observe that for the residue term one has the estimate

1 1
IRl  5™A° //Q Ewl2dudt + 5232 //Q 2|, [2dadt <S " SA2> ool e

3.1.4. Estimates for the boundary terms. From the properties of 8 given by Lemma 3.1, we have
both By > 0 and B, > 0, since [;(0) and —F,(L) are both positively bounded by below. To treat
the terms contained in 8*, as before, using inequality (3.6), we have the following estimates

3 T T
5 [ 08:)a)e] st L)Pdt\ S [ PBLE Dl (e, L)t
0 0

For the term with mixed derivative, using inequality (3.6) and Young’s inequality we get

T T
35 / (P*(Bab)x) |, pwa(t, L)wma,L)dt‘ < s / P?(L)BA(L)EX(t, L) |wy(t, L)*dt
0 0

T
2 [ OB Dlwss(t, D,
0

The analogous bounds hold for the terms evaluated at x = 0. We readily get for s > sg,

1 1

|B*| < —Bo+ —B.

S S

Then taking s large enough, from (3.9), for any s > sg and A > A¢ it holds
Hw||§’A£ +Bo +BL + Br S (L1w, Low) 12(q)

- / / (s° A0 w|dadt + s3 N3 |wy|?dadt 4+ sA2Ewye|?)dadt.  (3.10)
(O,T)Xwo

3.1.5. Treatment of the terms at the interface. We introduce the following notation for the weighted
norm at the interface

T
wlfone = Z/ (s°X°€ (8, a)w(t, a)* + s* N (¢, @) lwa (t, a”)[* + sAE(L, ) [wae (8, a7)|?) dt.
0

acl
First of all, notice that since both 5 and w satisfy the transmission conditions, we have

T
/ [pﬁxgwth]adt =0, Vael.
0

Now, the transmission conditions, allow us to rewrite the remaining terms of ‘B%‘)m as follows

T T
S50 [ Sl Bulut )Pt = 5N [ 5 BaB.1uE o) it 0) .
0 0
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T T
1500 [ a8 Pludt = 1500 | py BBl (a1, 07 P,
0 0

3 T 3 T
55 /0 §(t, 0) [P Bultwas|*ladt = s /0 [Balal(t, a)p? [waa(t, a7,

T T
53)\3/ [pZngm]ag?’(t, a)w(t,a)dt = 83)\3/ p+ﬁ§(a+)[ﬁx]a§3(t,a)p_wm(a*)w(t,a)dt.
0 0

Let us define the vector function

w(t,a) = (82A2§2(t, a)w(t,a), sA(t, a)\/P—wy(t,a” ), p—wea(t, a_))tr,

for (t,a) € (0,7) x I'. By the above computations we can write

3 T
%%Om(a) = 23A/ f(t, CL) (Aﬂ')(t,a),'&')(t,a))Rgdt,
0
where A is defined by
P68 0 3Bl
0 SpBla 0 . (3.11)
%[pﬂg]a 0 [Bz]

No matter where wq is located, since 3 satisfies the transmission conditions and Hypothesis 9 is
enforced, we have [5;], > 0 for any a € I'. From this observation, given that A(a) is a symmetric
matrix, by using Sylvester’s criterion, it is not difficult to arrive that A(a) is a positive definite
matrix. We thus choose 7 > 0 to be the minimum over the lower bounds of the associated quadratic
form to A(a). We thus obtain, uniformly in a € T', that

A(a) :=

T T
i\ / £(t,a) (A (t, a), (¢, a)) dt > s\ / £(t,a) B (t, a) B dt.
0 0
As we did with the boundary terms, by using inequality (3.6) and Young’s inequality, we get
B0 ()] < ([ b 4 =) PN /T§5(t o) w(t, o) 2dt
r ~AsA? 2N $? 0 ’ ’

1 T 1 T
+253>\3/ 53(t,a)|wx(t,a_)|2dt+s)\/ €(t a)|was(t, a” ) 2dt
S )\ 0 )\ 0

Since the above estimates are uniform with respect to a € I', by choosing sy and Ag large enough
yields that, for any s > sg and A > Ag,

‘w|%,s,>\,§ < Br.

3.1.6. Back to the original variable. Gathering the inequalities obtained in the previous steps, we
proved the following estimate for the conjugated operator.

Proposition 3.3. Let (w,p) satisfy Hypothesis M and let wy € w. There exist so > 0, A\g > 0 and
a constant C' > 0 depending on L, T, p, so, Ao and ||B||cs(o,c)\r), such that for all w € Vs we have

C(H'cle%?(Q) + ”'CZU)H%?(Q) +Jwlae + [w

%‘,s,)\,f)

< 1Lywllfzg) + //(0 . (s A0 |w|Pdzdt + 3 N3 |wy|Pdadt + sA2E|we,|*)dxdt,

for any s > sg and A > .
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Now we go back to the original variable. Recall that u = e*"w belongs to V and L,w = e™*"Lu.
Straightforward computations lead us to

e 2 Mug |* < Jwg|* + A2 w?,
672317|uxx|2 5} |w:cx|2 + 82)\2§2|wx|2 + 84)\4§2|’UJ‘2,

for all (t,z) € @', from which we get
// e 2 (P X005 ul? + S3NE3 |ug | 4 sA2E|uge|?)dadt
Q
< // (P28 w|? + A3 w2 + sA2E | was|?)ddt,
Q

Similarly,
e MNwg [ S Jugl® + 2N |uf?,
628n|wmm|2 5 |uxx’2 4 82A2§2‘Ux|2 +s4)\4§2|u]2,

for all (t,z) € Q. Thus
// (s° 202 w|? + P13 we|? + sA2E|wew|?)dadt
(0,T)xw

< / / e (SN0 |ul? + SPALER Jug | + sAZE|uge|?)dadt.
(0,7)xw

From the above estimates, Proposition 3.3 directly implies Theorem 1.1.

4. CONTROL TO THE TRAJECTORIES

The aim of this section is to prove the controllability result Theorem 1.2. To this end we will
consider the following two relevant systems. The first one corresponds to the linearized system to
(1.7) around the aimed trajectory g, which is

2t + p() 2000 + 22 + (U2)e = h+ 1yv,  (t,z) € (0,T) x (0, L),
2(t,0) = 2(t, L) = 2,(t, L) =0, te€(0,7), (4.1)
Z(O,l‘) = Zo(l‘), T € (O,L),

coupled by (TC), where v € L?(0,T; L*(0, L)) is the control and h is a source in some appropriate
weighted space. The second relevant system corresponds to the adjoint system associated to (4.1)

—Pt _p(x)(»o:mx — Pz — y()@az =9, (ta '7:) € (OvT) X (07 L),
o(t,0) = p(t, L) = v.(t,0) =0, te(0,7), (4.2)
o(T,x) = er(z), x€(0,L).

coupled by (TC), with appropriate initial data @7 and source term g. The strategy follows a classical
duality argument which is briefly described below:

(1) We establish a suitable Carleman estimate for the adjoint system (4.2).

(2) By means of the Carleman estimate, we obtain an observability inequality for (4.2). We then
employ a variational approach to establish the null controllability of the linearized system
(4.1) with a right-hand side decaying near t = T

(3) We then apply a local inversion result in a suitable functional setting - inherited from the
variational approach - to obtain the null controllability of the nonlinear system (1.7).
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In this section, we closely follow Cerpa, Montoya and Zhang | ] and show their arguments can
be adapted to the piecewise constant case. The main point being the regularity estimates provided
by Proposition 2.12, which combined with the Carleman estimate of Theorem 1.1 will allow us to
obtain a suitable one-parameter Carleman estimate and henceforth carry out the strategy.

4.1. A suitable observability inequality. Let 7 € XE’T(O, L), whose existence is guaranteed by
Proposition 2.6. Let us introduce the operator £ : V — L%(Q) given by

Lz =zt + p() 2eax + 22 + (2)a, (4.3)
defined on the space of functions
V={ze€ L*0,T; HX(0,L)) | Lz € L*(Q), 2(0) = 2(L) = 2/(L) = 0 and z satisfies (TC)}.

In what follows, let wy € w be non-empty and open, k € (1,2) and 8 be constructed by Lemma 3.1.
From now on, let us fix A > Ag large enough so the Carleman estimate of Theorem 1.1 holds true
with the weights 1 and ¢ introduced in (1.5). Let us denote
1
n(t) = t,x), ()= min n(t,z), ((t)= "0, 4.4
m>:g$ﬂ<m M):gﬁﬂ(m ¢(t) 2T 12 (4.4)
We have the following one-parameter Carleman estimate.

Proposition 4.1. Let (w,p) satisfy Hypothesis M. Lety € XE’?T(O, L) be a solution of (1.8). There
exist so > 0 and C' > 0 depending on w, I', L, T, p, so, Ao and ||rB”C§([0,L}\F) such that for any

o1 € D(A*) and g € L?(0,T; D(A*)), the corresponding solution ¢ to (4.2) satisfies

/ /Q (SNl + P pul? + 5Clipaal?)dadt

<C // e~ 2 g2 dxdt + 57 // e~ 02507 o 2daedt |, (4.5)
Q (0,T)xw

Proof. The proof is made in two steps: we first decompose the solution of (4.2) to have a regular
source term with suitable decay in ¢ and for which we will apply the Carleman estimate. This
decomposition will then allow us to employ a bootstrap argument to estimate the local terms
coming from the higher order norms on the right-hand side of the Carleman estimate.

for any s > sq.

Step 1. Decomposition of the solution. Let us decompose the solution ¢ of (4.2), with the aim of
obtaining L? regularity on the right-hand side of (4.2). Let us introduce z and u, solutions of

—Zt _p(x)za:a;ac — 2z — YZz = PoY, (t7$) € (O,T) X (07 L)v
2(t,0) = z(t, L) = z,(t,0) =0, te(0,7), (4.6)
2(T,z) =0, z€(0,L),

and

—Ut — p(x)um:x — Uy — ?Um = (_PO)t(Pv (tvx) S (OaT) X (07 L)7
u(t,0) = u(t,L) = uy(t,0) =0, te(0,T), (4.7)
uw(T,z) =0, z€(0,L),

both of them coupled by the corresponding transmission conditions (TC), with po(t) := e~*7. By
uniqueness, we have ppe = u + z. For the first system, using the regularity result for (4.6), we have

HZH%%(),T;HE(O,L)) < C”IOOQH%%Q)' (4.8)
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Now, we apply the Carleman estimate of Theorem 1.1 for solutions of (4.7), with the new weights
(4.4) and fixed X\ as above, obtaining

C// e 2N (2% u)? + $3C3 ug|? + 5Cluge|?)dxdt < // e~ 2| g|?dadt
Q Q

+ // e~ (SO ulPdadt + s3Cug P dedt + 5C|ugs|?)dadt.  (4.9)

(0,T7)xw
Observe that on the right-hand side, we used |(po)sp| < Cs€3/2|po| followed by the relation pop =
u + z, to then absorb the term containing u for s large enough and conclude using estimate (4.8).
Step 2. Local estimates. By classical interpolation (see Lions-Magenes [ , Section 9])
H'(w) = (H(w), L*(w))2/32, H*(w) = (H*(W), L*(w))1/3,2-

Let € > 0. By Young’s inequality with (p,q) = (3/2,3) we get

T
S I U R A T R AN
(0,T)xw 0
T T
chsll/Z/ Cll/Ze3sﬁ+sTIHUH%2(w)dt+£32/ C72€752nHu||%[3(w)dt-
0 0

Similarly, with (p,q) = (3,3/2) we get

T
s// e 25 [y |Pdadt < S/ C€72SﬁHUHi/2?Ew)H“”}l{/:sg(w)dt
(0,7)xw 0
T T
< 0857/ C7e—687i+48n|’u”%2(w)dt+€8—2/ C_26_25”HUH%{?’(W)dt'
0 0

From the Carleman estimate and the inequalities above, we get

C// e (P ul? + 33 ug|* + 5C|uge|*)dadt
Q

T
< // e 2N g2 dxdt + 57 // CTe 048y 2 dardt + & <s_2/ C_Qe_%”HuH%{g(w)dt) .
Q (0,T)Xw 0

We want to estimate the local term containing ||u|% ()" By looking at the weights accompanying

the local H3-norm, let us introduce @ = p(t)u with p(t) := s~ 1/2X"1¢~1/2¢=1. We thus see that
solves (4.11) with p replaced by p,
—Uy — p(ﬂj)axxx — Uy — Yy = ﬁ(—PO)tSO - b\tu’ (t .SU) € (OvT) X (O’ L)’
u(t,0) = u(t,L) = uy(t,0) =0, ¢ ), (4.10)
u(T,z)=0, =
coupled by the corresponding transmission conditions (TC). Since ¢ € C([0,T], D(A*)), using the
regularity estimates given by Proposition 2.12, we have

—1/2 ~—1/2 _—sn, 112 —_U=sn2
Is71/2¢71 % Mullzz 0 m200,0)) = W0llz2 0,7, m200,1))

< C(H31/2<678ﬁu”%2(0,T;H1(O,L)) + H31/2@72877‘?”%2(0,T;Hl(o,L)))-
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We are then led to define @ = j(t)u with p(t) = s'/2Ce™*" aiming to estimate the first term of the
right-hand side in the inequality above. We see that 4 is the solution of

—Uy — p(2)lgzz — Uz — Yz = p(—po)tp — pru, (t,x) € (0,T) x (0, L),
u(t,0) = a(t,L) = u,(t,0) =0, te(0,T), (4.11)
w(T,z) =0, ze€(0,L),

coupled by the corresponding transmission conditions (TC). As |(po):| < 5¢3/2e, we get
71l = 5'21Gp0(t) + Clpo)il S (5272 + 82C%%) po < 5727260,
Using once again Proposition 2.12, we obtain
||31/2C€_877UH%2(077’;1{%(0@)) = HaHiQ(O,T;Hg(o,L)) < C(|’33/2C5/26_sﬁu||%2(@ + ”33/%5/26_2869@”%2(@)-
Gathering the above inequalities, we have

H371/2C71/2678ﬁuH2L2(0,T;Hl§(O,L)) < C(Is**¢ e Ml 72 g

+ [15%2¢3 220l Ta ) + NI 2Ce ™Ml T 0 (0,10))-

Since (s,t) — s3/2¢%/2¢=7 is bounded, using (4.8) we see that the right-hand side of the inequality
above is bounded by the left-hand side of the Carleman estimate (4.9) and [|pog]|%. (@)- Therefore

/ /Q 2SNl + 5 s ? + s Pt + [ls™/2C 2 T2y

T
<C (// e 2N g2 dadt + 57 // 6_65ﬁ+4s’7§7|u|2dzxdt) +e <s_2/ C_Qe_anHuH%{g(w)dt) .
Q (0,T)xw 0

Choosing € > 0 small enough, the last term on the right-hand side above, can be absorbed by the
last term on the left-hand side above. To return to the ¢ variable, we use pgy = z +u and estimate
(4.8) to get

/ /Q TS| + 55 0ul? + 58l pue|?)dadt

S C <// 672Sﬁ‘g‘2dxdt+ // 672577(354-5|u’2 + 3343’11%‘2 + SC’umx|2)dxdt> .
@ Q

Once again, using estimate (4.8) and that (s, ) — s7e~1+451¢7 is bounded for s > s and t € (0,T),
we obtain

57 // e~ 0TS¢y 24 dt < O // e~ 2| g2 dadt + 7 // e~ OS2 T o) 2 dadt |
(0,T)xw Q (0,T) xw

Putting together the three last estimates, we arrive to inequality (4.5), finishing the proof. O
For notational convenience, we introduce £* : V* — L?(Q), the adjoint operator to (4.3)
L7 = —thy = p(@)Vraa — Yo — Ytha, (4.12)
defined on the space of functions
V= {1y € L*(0,T; HE(0,L)) | £L*Y € L*(Q), ¥(0) = ¥(L) = ¢'(0) = 0 and ¥ satisfies (TC)}.
We now introduce weight that does not vanish at ¢ = 0. Let ¢ € C*([0,T]) be a positive function in
[0,T") defined by

[ T*4  te0,T/2
ot) = { HT —t) te|T/2,T)
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We then consider

1 N o )
alt,z) = (W = PENr(e), 7lt) = gy G0 = max alta), &6 = min alt,2)

We further ask that A > k2/|| 3|/, Where r is the parameter used in Lemma 3.1. Thus, from now
on we assume that A > max{\o, x2/||8]|lcc} and therefore 2@ < 3& holds. As a consequence of
Proposition 4.1 we have the following weighted observability inequality.

Lemma 4.2. Under the assumptions of Lemma 4.2, there exist s and C such that every solution
¢ of (4.2) satisfies

/ /Q e~ 158 (51p[2 + 73(pal? + Tl paa ) dudt + [9(0) 220 1)

<C // e_zsa|g|2d:vdt+// e~ 0saH2ELT 5 2dpdt | . (4.13)
Q (0,7) xw

Proof. By construction, n = « and 7 = ¢ in (T/2,T) x [0,L]. Therefore, as a consequence of
Proposition 4.1 we get

T L
/ / e‘45a(3575\<p]2 + 8373‘<p$‘2 + STlapm]Q)dxdt
T/2 Jo

T L
— / / N (SB[ + 5 pal? + 5Cliwl?)drdt
T/2J0

<C // e~ 2| g2 dadt + 7 // e~ 0S| o 2 ddt |
Q (0,7)xw

From now on, let us fix s > sg. By construction of the weights, we only need to focus the analysis
on (0,7/2). Using inequalities e =257 < C and e~%*1+4s1¢7 > (' in [0,7/2], followed by the fact that
7 is constant in [0,7/2], we get

T L
/ / ef4sa(s575|g0]2 + 537'3|g0x\2 + ST|<,0m|2)dxdt
7/2Jo

<C // 625a|g|2dxdt+// e~ 08O T o 2dnedt | . (4.14)
Q (0,T)xw

Let us take a cutoff y € C([0,7]) such that x = 1 in [0,7/2] and x = 0 in [37/4,T]. Observe
that x¢ € V*, x(T)@(T,-) = 0 and L*(xp) = xL*¢ — X'. Thus, given that g € L?(0,T;D(A*)),
by semigroup estimates we get

Ixellcqo.r),z20,0)) < Clixg = X @llr20,m;,02(0,1))
from which follows

H‘P”C([O,T/2],L2(0,L)) < CHQHL2(O,3T/4;L2(O,L)) + HSOHL2(T/2,3T/4;L2(0,L))-
By employing Proposition 2.12 and the above estimate, we obtain
2 2
e OZ20,0) + Ielz2 07722 0.00) < CUIGNT20 3774220,00) + 1P T2 012 377852200,
Taking into account that
0728 > O >0, Vt € [T/2,37/4] and e™% > C >0, Vt € [0,37/4],

we arrive to
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T/2 L 4s0i( .55 2 3.3 2 2 2
C [ [T et RS ol + 5P iul? + sl Pt + 0) o

3T/4 3T/4 L o
/ / e~ 258 g2 dﬂvdt—l—/ / e~ 05aH AL o 2 dt.  (4.15)
0

Inequality (4.13) then follows, upon adjusting s > s¢ if necessary, by combining (4.14) and (4.15).
O

4.2. Null controllability of the linearized system. Let us introduce the space

E:={(z,v) | ez € L}(Q), 772307501, € L*(Q),
07325 € X0, L), e**r%2(Lz — 1,v) € L*(0,T; H~(0, L))},
which is a Banach space when equipped with the norm whose square is given by

79/2633047304

Iz, 0)[12 = lle”* 2l 22 + I vlo|Z2(o)

a_—3/2 254 —5/2 2
+ 11e%3 77 22| pg 0,1y + 1272 (Le — 01122071 0.1))-
We now aim to solve (4.1) in the space £ with a right-hand side in an appropriate weighted space.

Indeed, in such case, from which the null controllability of the system follows given that e5®73/2z ¢
C([0,T),L?(0, L)) implies that z(T,-) = 0.

Proposition 4.3. Let (w,p) satisfy Hypothesis 9N and let T > 0. For any zo € L*(0,L) and
e20r =52 ¢ 12(Q), there exists a function v € L*(0,T; L?*(w)) such that the associated solution
(z,v) to (4.1) satisfies (z,v) € €. Furthermore, there exists C > 0 such that

HUHLQ(O,T;LZ(w)) < C(HZOHH(O,L) + ”hHL2(Q))~ (4.16)
Proof. Set Qp to be the space of functions ¢ € C3([0,T] x ([0, L] \ ")) such that:
b SO|1k € CS([OaT] X Tk)a ke [[07N7 1]]7
e ¢ satisfies the transmission conditions (TC);
e ¢ satisfies the boundary conditions ¢(¢,0) = ¢(t, L) = ¢4(¢,0) =0, t € (0,T).

Let us introduce the bilinear form a(-,-) on Q

// —25a w)dadt + // g~ Osd+2sa 7<pwdxdt V(o ,w) € Qo x Qo,
wx(0,T)

where £* is the adjoint operator of £ defined in (4.3). Observe that Carleman inequality (4.13) is
applicable for any w € Qp, thus

//Q 015w 2 dxdt + Hw(O)H%Q(OvL) < Ca(w,w), Yw € Q. (4.17)

In particular, a unique continuation property holds, in other words, a(w,w) = 0 implies that w = 0
in Qp. Further, observe that the bound given here above implies that a(-,-) : Qyp x Qp — R is
a coercive bilinear form. It being symmetric as well, a(-,-) defines an inner product in Qy. We
introduce Q as the completion of Qg for the form induced by a(-,-), which we denote by || o.
Certainly, Q is a Hilbert space and a(-,) is a continuous and coercive bilinear form on Q.

Let us introduce the linear form G, given by

L
(G,w) = // hwdxdt+/ 20(z)w(0, z)dz, Yw € Q.
Q 0
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Given that e?*%7=5/2h € L?(Q), by the Carleman inequality (4.13), the linear form w € Q —
(G,w) € R is well-defined and continuous. Indeed,

(G, w)| < ||68a7'75/4hHL2(Q)||675&7'5/4w||L2(Q) + 120l L2 (0,) 1w (05 )l £2(0,1)
and using inequality (4.17) along with the density of Qy in Q, we have

(G, w)] < (177> *Rll 12(g) + 120l 20.0)) @]l (4.18)
valid for any w € Q. Applying Lax-Milgram’s lemma, there exists a unique ¢ € Q such that
a(p,w) = (G,w), Yw € Q. (4.19)

Introduce
= e AL, in @,
= —e 05aF2:T 5 in (0,T) X w.

N>

{

Given that ¢ € Q, we notice that the pair (2, ) verifies
a(p, @) = / / 25952 dadt + / / 834728 =T151 2 dpdt < +o0. (4.20)
Q (0,T)xw

Furthermore, we see that Z is the unique solution by transposition of (4.1) with v replaced by .
Indeed, from (4.19) we readily get the variational identity: for every g € L?(Q) we have

//Q sgdadt = //Q(h + 0)wdzdt + /OL 20(2)w(0, z)dx,

with w € X%(0,L) solution of the adjoint (4.2) with right-hand side g and w(T,-) = 0, whose
existence is guaranteed by Proposition 2.12.

>

As a last step, we verify that (2,9) € £. From (4.20) we readily get e5®2 € L?(Q) and
e3sa—s0—T/2¢ L?(Q). Moreover, using the equation and that e250r=5/2p ¢ L?(Q), we readily get
X0 =52(£2 — 1,0) € L*(Q).

To check that e*3773/22 € X9(0, L), we define
2* = e 732z and B* =032 (h 4 0).
Observe that z* satisfies the system
5 ()20 + 25 + (§2)e = B 4 (57 732)2, (t,2) € (0,T) x (0, L),
2*(t,0) = 2*(t,L) = z(t, L) =0, te(0,7),
24(0,2) = 8O r=3/2(0)20(2), =€ (0,1L),

coupled by the corresponding transmission conditions (TC). Since e*®h € L?*(Q) and 2a < 3d,
we get h* € L2(Q) and (e5*773/2),2 € L*(Q). For 3y € L*(0, L), Proposition 2.3 along with an

argument similar to the one used in Proposition 2.12 give us z* € X:?(O, L).
By considering ¢ as before, the bilinear form a and identity (4.19), we obtain estimate (4.16). [

4.3. Control of the nonlinear system. The last step relies on a local inversion result.

Theorem 4.4. | , Chapter I, Section 4, Theorem 4.1] Suppose that By, By are Banach spaces
and F : By — Bs is a continuously differentiable map. We assume that for b\ € By, b9 € By the
equality

F(0}) = b3
holds and F'(8)) : By — Bs is a surjective. Then there exists § > 0 such that for any by € By which
satisfies the condition ||b3 — ba||g, < & there exists a solution by € By of the equation

F(b1) = bo.
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We now prove the main control result for the nonlinear system.
Proof of Theorem 1.2. Let us set
Bi:=& and By = L*(*%77%/2(0,T); L*(0, L)) x L*(0, L)
and the operator F : By — By defined by
F(y,v) = (2t + p(2)2a2z + 22 + (U2)z + 222 — Luv, 2(0)).
We now prove that F is of class C'(By, Bs). Let us assume that 7 € X2(0, L). By linearity, it only
remains to prove that the bilinear operator
(2", 0", (2% v%) € Ex E— %(212’2)JU € L2(628a7'*5/2(0,T);LQ(O,L))
is continuous. Observe that
e250r=5/2, ¢ X;?(O, L),
for any (z,v) € £. By Sobolev embedding H'(0, L) < L*(0, L), we have

T
€237 72 (21 2%l 2 < C/O (€722 e 0,0y €™ N2 10,0+

+ 203212 0.0y €20 T8 o,y
< Ol s, 112°ls,-

We are in position to apply Theorem 4.4, with 6] = (0,0) € By and by = 0 € By. The derivative
F'(0,0) : By — By is given by

F(0,0)(z,v) = (2t + p(2) 2aaa + 22 + (¥2)o — Luv,2(0)), V(z,v) € Bi.

Thus, there exists § > 0 such that, if |[2(0)[/z2(0,z) < 0, we can find a control v such that the
associated solution z of the nonlinear system (1.9) satisfies z(T',-) = 0 on (0, L). This finishes the
proof. O

5. LIPSCHITZ STABILITY IN RETRIEVING AN UNKNOWN POTENTIAL

In this section we follow | ]. A key point in the latter work is that some symmetry
assumptions on the coefficient to recover and on the initial data are made, in order to avoid an
observation of the solution in some time Ty > 0, as usual in the parabolic case. To adapt this point
to our case, we introduced Assumption J, which will allow us to apply the Carleman estimate and
carry out the method.

We will also need the following slight modification of Theorem 1.1. Let wy € w be non-empty
and open, k € (1,2) and 8 be constructed by Lemma 3.1 with wy as before. A Carleman estimate
on Q := (=T,T) x (0, L) like the one in Theorem 1.1 can be derived just by modifying the weights
n and £ as follows:

erABlloe — oAB(2) 4 £6; eMB(@)
-y Y= Ty
for (t,x) € Q. More precisely, we have the following.

n(tv JZ) =

Proposition 5.1. Let n and £ be as previously defined. Under Hypothesis I, there exist sg > 0,
Ao > 0 and a constant C' > 0 depending on w, T', L, T, p, ||Bllcs(o,zj\r), So and Ao such that for
any u € V we have

C// e (PN uf? + SN ug P + 5N |uge[?)ddt < [le” Lul|72 g
Q
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+ / / e 2P N0 w2 dadt + s A3 ug | Pdadt + sN2E |ugy|*)dadt  (5.1)
(=T, T)xw

for any s > so and X\ > Ao, with L and V similarly defined as in (1.3).
With this inequality at hand, we can prove the Lipschitz stability result.

Proof of Theorem 1.3. The existence of solutions for initial data yo € HE(0, L) N H3(0, L) can be
established following the framework of Bona, Sun and Zhang | , Theorem 4.1]. First of all,
the addition of the term p(x)y, on the linear part is easily handled by a fixed-point argument as
in Proposition 2.6. Second, we need to look at the equation satisfied by w = 3y and then, similar
arguments as in Proposition 2.6 can be used to establish the needed estimates and to prove that for
yo € HY(0, L) NH(0, L), the corresponding solution y belongs to C([0, 7], H3(0, L) N H(0, L)) N
L?(0,T; HE(O, L) N H3(0,L)). By using classical Sobolev embedding on each I, this ensures the
regularity needed to employ the Bukhgeim-Klibanov method.

Let us consider two coefficients ;1 = p(z) and v = v(z) belonging to P2 (0, L) with the corre-
sponding solutions y := y[u] and z := z[v] of (1.10) with the same main coefficient p and initial
condition yg € HY(0, L) NH3(0,L). Let us define

u(t,z) :==y(t,x) — z(t,x) and o(z):=v(z) — p(z).

Step 1: auziliary system. Let v = u; and note that vo(z) := o(x)y((x) satisfies vo(x) = vo(L — x)
for all z € [0, L]. The system satisfied by ¢ := v is

Ut + p(2)Yeae + 1+ 2)the + atp = f, (t,2) € (=T,T) x (0, L),
w(tu 0) = ¢(t7 L) = 07 te (_T7 T)u
bolt,L) =0, te(0,T),
Gult, L) = —vg(0,—1), te (~T,0),

¥(0,2) = o(z)yp(z), =z € (0,L),
coupled by the corresponding transmission conditions (TC) with coefficient p, with f := o(x)zz —
Yt — 2t and the symmetric and anti-symmetric extensions being defined, respectively, as

(gt (ta)el0,T] [0, L],
g(t, ) —{ i(t,L—x), (t.7) € [—T,O>)<>< 0, 1),

y t,x), t,x) e |0, T 0, L],
g(t, x) = { g—(g(—)t, L—a), Et, xi e {—T,]Oj >[< [O,]L].

Step 2: First use of the Carleman estimate. By compactness, we can find wg € w which is symmetric
with respect to L/2 and (wp, p) satisfies Hypothesis 9. Let K > 0 be some constant such that

max{ [|y[|w1.00 (0,791 0,0)) |2l Wwiee 0,710 0,0 F < K- (5.2)

This is consistent given that y, z € C([0,T], H3(0, L)NH3(0, L)) and by classical Sobolev embedding
H'(I}) = L*(I}) applied on each k € [0, N — 1]. We shall focus on the following integral

0 L ) 1 L 5 9
/T/O 2wy wdadt = 2/0 £2(0,2)[w(0, )%z + 7, (5.3)

where J can be estimated by the Carleman estimate for the conjugated operator (obtained through-
out the proof of Proposition 5.1, compare with Proposition 3.3) as follows

|T| < Cs™3\3 (// e 2| f|?dadt

+ / / (35)\6§5|w\2dazdt+53)\4§3|wx|2dxdt+s)\2§|wm|2)dxdt>. (5.4)
(7T,T)><0J0



30 CARLEMAN ESTIMATES FOR THE KDV WITH PIECEWISE CONSTANT MAIN COEFFICIENT

Since |y ()] > ro > 0, we get
L L
| €00uomPi = [ 2109¢0,0)j0 (@ ()
0 0

L
Zr%/ 67257](0"%)52(0,.T)’O’(JI)‘de.
0

Thus, we can use the last inequality to get a bound by below from identity (5.3) and then use (5.4)
along with Young’s inequality to get a bound by above, resulting in

L
/ 6_25"(0’”3)52(0,x)|a(x)]2dm < s79/2)\ 3 <// e 25| f|2dxdt

0

for s > so and A > ). using the fact that 1 is even in time and w = e~ = e =299 we have

- / / (A0 |w Pdadt + s3NE3 w2 dadt + sN2E wy,|*)dadt
(—T,T)XwO
| )
5.

L
o0 aiods £ 5 ([ et e st + M0
Q

(5.5)

where, M., (v) gathers the local terms in v as follows
Mwo (U) = // (35556_2577“]’2 + 33536_25n|vx|2 + 8516_2877|’Uzm|2)dl‘dt, (5'6)

(0,7)xwo

with &, defined as &, (t,z) := &F(t,x) +&¥(t, L — x), (t,z) € Q, for k = 1,3,5. Observe that we just

used the change of variables x — L — x and that wq is symmetric with respect to L/2.
We now look at the terms involving f. By using the bound (5.2), we get

// e—QSW(t7$)|f’2d$dt = // €_2sn(t7w)’0-(x)zxt — YgtU — Ztux|2dﬂfdt
Q Q

L T L
< / e~ 2102) |5 ()2 da +/ / e 2 (|ul® + |uy|?)dadt.
0 o Jo

Similarly, we have

// e_QSn(t’L_x)]demdt:// e_QSn(t’L_”)]a(x)z$t—ymtu—ztuz\2d$dt
Q Q
L T L
/ e 2O0L=0) | (1) *da + / / e 2L (u)? + fug|?)dadt
0 0o Jo

L 0 L
:/ e—2sn(0,x)‘0(x)’2dx_'_/ / 6—25n(t,x)(‘a‘2+ ]%P)dmdt,
0 =T J0

where we used that t € [0,T) — e *"tL=%) is decreasing for any z € [0, L] and the change of
variables © — L — z. Gathering the last two inequalities we obtain

L T L
/ / (e=2(02) | =20t L=2)Y| £t < / ¢ 2102) | 5 (2 2z + / / e 2([q12 + |2 dadt.
Q 0 -TJ0
(5.7)

N

It remains to estimate the second term on the right-hand side of the above inequality.
Step 3: Second use of the Carleman estimate. We apply the Carleman estimate (5.1) to the equation
satisfied by @ to obtain
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T L T L
/ / e~ 21) (102 4 [t} dzdt < 573N (/ / e 2 0 24| A dadt
—1Jo -TJOo

+ / / e 2SO uPdadt + 33Uy Pdadt + s€|Tg|?)dxdt | .
(—T,T)X(/J()

As before, we use the bound (5.2) to bound the first term. Then, we use the definition of the
symmetric extension to we rewrite the local terms at the right-hand side of the last inequality as
integrals over (0,7") X wg, Thus, with M, (u) as defined in (5.6), we get

T L L
/ / e 2(60) (|52 + [, |2)dadt < 537~ ( / 6_25”(0”7)]0(30)\26[:18—|—Mw0(u)>. (5.8)
—TJo 0

Putting together inequalities (5.5)-(5.7)-(5.8) and then using that z € [0, L] — e=21(%2)¢2(0, z) is
positively bounded by below, we obtain that

L
(1— (s7H2N7T 4 575/2079)) /0 lo(2)2dz S (575 2A73 My (v) + 53X M., (1) (5.9)
for any s > so and A > \g. Noticing that (t,z) € (0,T) x wy > s*&,.(t, x)e~21:%) is bounded by
above for k =1, 3,5, we readily get

My (w) + My (v) S 1y = 2l 0,7 12(00)-

Since 0 = p — v and wy € w, the proof ends by choosing s and A large enough in (5.9) so that the
left-hand side is made positive. O

Remark 5.2. We point out that the regularity assumption yo € H(0, L) N H3(0, L) is not sharp.
From the proof, we need that z, y,+ belong to L*°(Q), which would follow by Sobolev embedding
provided they both belong to L*°([0,7], H*(0,L)), with s > 1/2. This could be achieved if we
ask yg € H§+S(O,L) N H3(0,L). Nevertheless, a rigorous proof will employ Tartar’s nonlinear
interpolation (see | , Section 4]) and a characterization for interpolation of spaces involving
the transmission conditions (2.2). The latter is most likely to be true, but up to the author’s
knowledge, there is no straightforward proof of such a fact available in the current literature. We
do not deepen in this direction as it is outside of the scope of this work.

6. SOME FURTHER REMARKS

6.1. Boundary observability. Under the hypothesis py > pr—1 with k& € [0, N — 1], a straight-
forward modification to the proof of Lemma 3.1 lead us to the construction of § with observation
at x = 0. Given \ > 0, we define
efMBlloe _ oAB(x) eMB()
d &(tr) = ———
oy oY) =y

n(t, z) = (6.1)

for all (t,z) € @ and some k € (1,2). By following the same steps as before, we can obtain a
Carleman estimate with boundary observation for the solutions of the system

¢t + p(2)Paae + o =0, (,x) € (0,T) x (0, L),
o(t,0) = p(t, L) = px(t,0) =0, te(0,7T), (6.2)
(P(Tv :C) = @T(x)’ T e (O7L)’

coupled by the usual transmission conditions (T'C). The Carleman estimate is the following.
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Proposition 6.1. Let n and & be the weight functions defined by (6.1). Suppose that py > pr_1 for
all k € [1, N — 1]. Then there exist sy > 0, \g > 0 and a constant C > 0 depending on L, T, py,
p1, |Bllcs, 7, so and Ao such that for all o7 € D(A*) we have

T
C’// 6_2577(55)\6§5|cp|2 + 53)\4§3|gpm\2 + 3)\2§|cpm|2)da@dt < s)\/ e_ZSn(t’O)f(t,O)hpm(t, O)|2dt,
Q 0

for any s > sg and X\ > Ao, where ¢ is the solution of (6.2) associated to pr.

As classically done by the HUM method, under the hypothesis that py > py_; for k € [1, N — 1],
the previous Carleman estimate can be combined with a dissipation estimate to obtain, for instance,
the boundary null controllability of the linear KdV equation

Yt +p(-r)ymcx + Y = 07 (t,ﬂ?) € (O’T) X (Oa L)u
y(t, 0) = h(t)a y(t’ L) = y:c(ta L) =0, te€ (O,T),
y((),x) = yﬂ(x)7 S (07 L))

coupled by the transmission conditions (TC), with control h € L?(0,T) and yo € L?(0, L).

In regards to the boundary control to the trajectories for the constant main coefficient case,
Glass and Guerrero | | provided a positive result with one control acting on the left point of
the interval. Trying to adapt their ideas to the discontinuous case is an interesting problem, as the
proof is more involved, mainly due to the several regularity technicalities related to the boundary
value problem and also that it heavily uses interpolation arguments. The latter is a problem in
itself in the case of discontinuous coefficients, see Remark 2.11. We point out that similar issues
has been faced in Parada | | when studying the KdV equation on a star-shaped network.

Additionally, for the problem of exact controllability when only one control is acting on the
boundary, one may expect to see the critical length phenomena in the discontinuous setting as well.
Thus, the problem of exact controllability for every time, for a set of lengths and length of the set
of discontinuities is a wide open problem. See [ , Proposition 4, Remark 2| where the control
is acting on the Neumann boundary condition.

6.2. Monotonicity hypothesis on the Carleman estimate. The monotonicity hypothesis on
p, enforced trough Assumption 9, is crucial to obtain the Carleman estimate with main piecewise
constant coefficient. Indeed, we can then construct a weight function which is piecewise monotone
and satisfies the same transmission conditions as given by the main PDE under consideration, which
further allows us to obtain a weighted norm for the trace terms at the interface.

Regarding applications to inverse problems, it is worth noticing that a similar Carleman estimate
with boundary observation as the one used in | ] can be obtained under the hypothesis
pr > Pr—1, k € [1I, N —1] (see also Proposition 6.1). However, this monotonicity condition is
not compatible with Hypothesis 90, the latter being necessary to employ the reflection trick and
therefore to avoid observations in some time Ty € (0,77), as commonly found in the parabolic case.
Whether one can get rid of these monotonicity hypothesis on the coefficient p is an open problem.

The main difficulty is to construct a weight function that allows us to estimate the interface
terms coming from 12 in the Carleman estimate. These terms are not necessarily zero if the weight
function does not satisfy the transmission conditions. Observe that a similar difficulty is faced when
establishing a Carleman estimate for the KdV equation under Colin-Ghidaglia boundary conditions,
see Guilleron | | and Carreno and Guerrero | ]

APPENDIX A.

A.1. Inequalities toolbox. Let I C R be a non-empty interval and T > 0. Let us introduce for
s > 0 the Banach space

Xi(I) = C([0,T], L*(I)) N L*(0,T; H**Y(1)),
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equipped with the natural norm. We have the following Lemma, used in Section 2 to obtain the
well-posedness of the nonlinear system (1.1); see Proposition 2.6.

Lemma Al. | , Lemma 3.3] Let s > 0 be given. There exists C > 0 such that for any T > 0
and u, v € X3(I),

T
/0 [ult, Yva (8, ) sy dt < CTY2 + T3 ull xeg. () 1Vl x5.0)-

The following result allows us to consider yy, as a source term in (2.3)-(TC).

Proposition A2. | , Proposition 4.1] Let y € L*(0,T; H'(I)). Then yy, € L'(0,T; H'(I))
and the map
y € L*(0,T; HY(I)) — yy. € L' (0, T; L*(I))

1s continuous and there exists C > 0 such that

|y — sz||L1(0,T;L2(I)) < C(||Z/||L2(0,T;H1(1)) + ”ZHL2(0,T;H1(1))) ly — Z||L2(0,T;H1(1))-
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