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CARLEMAN ESTIMATES FOR THE KORTEWEG-DE VRIES EQUATION
WITH PIECEWISE CONSTANT MAIN COEFFICIENT

CRISTOBAL LOYOLA

ABSTRACT. In this article, we investigate observability-related properties of the Korteweg-de Vries
equation with a discontinuous main coefficient, coupled by suitable interface conditions. The main
result is a novel two-parameter Carleman estimate for the linear equation with internal observation,
assuming a monotonicity condition on the main coefficient. As a primary application, we establish
the local exact controllability to the trajectories by employing a duality argument for the linear
case and a local inversion theorem for the nonlinear equation. Secondly, we establish the Lipschitz-
stability of the inverse problem of retrieving an unknown potential using the Bukhgeim-Klibanov
method, when some further assumptions on the interface are made. We conclude with some remarks
on the boundary observability.
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1. INTRODUCTION

Let T>0,L>0and p:[0,L] - R" be a piecewise constant function where p(z) = py > 0 on
each [ag,ar+1) with T' = {a; < a2 < --- <an-1} and ag = 0, ay = L. Given some initial data yp,
we study the following Korteweg-de Vries equation with piecewise constant main coefficient

Y +p(~75)yzm: + Yz + Yy =0, (t,.CI}) € (OaT) X (O’L)>
y(t,()) = y(taL) = y:v(t7L) =0, te (OvT)v (11)
y(O,w) = y0($)¢ T e (OvL)a

coupled by the transmission conditions

y(t,a;) = y(t,af), te (0, 7), ke[1,N —1],
VPk-1 x(t,a];) = \/73/:1:( y A )a te ( ) ke [[1 N — ]]a (TC)
Ph—1Yzz(t,a) ) = pkym(t,aZ), te (0, T), ke[l,N—1],
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where [0, N — 1] := {0,..., N — 1}. Despite the discontinuity of the coefficient p, the transmission
conditions allow us to consider this model as a whole in (0,7") x (0, L), since they act as boundary
conditions on each (ak,agt+1), k € [0, N — 1].

The Korteweg-de Vries equation (KdV) is a well-known dispersive equation, introduced by
Korteweg-de Vries | | to model the propagation of water waves in a shallow channel, namely,
water waves with small amplitude and large wavelength compared to the undisturbed depth profile.
In this context, this kind of water waves in a channel with a sudden jump in the depth profile have
been modeled by a KdV equation with a discontinuous main coefficient | ]. Thus, in this model
the function p = p(x) can be interpreted as the undisturbed depth profile with jumps of the channel,
whereas p(x) + y(¢, x) represents the wave surface at time ¢ at position . On the mathematical
side, to solve the KdV equation on the half-line, Deconinck, Sheils and Smith | ] has proposed
(several) interface conditions involving the first three derivatives (in space) of the solution at the
interface. The specific interface conditions of system (1.1)-(TC) were proposed by Crépeau | 1,
where the exact boundary controllability of such a model is studied. In this work, we continue the
study of this equation by obtaining a new Carleman estimate under a monotonicity hypothesis on
the main coefficient, allowing us to deduce some results on the controllability and the recovery of
some parameter for this equation.

1.1. Main results. Let us define I}, := (ag,ax+1), k € [0, N — 1]. In what follows w will be always
a non-empty open subset of (0, L). Due to the discontinuity of the main coefficient, it is natural to
impose some restriction on where the observation zone should be located. In this direction we will
introduce the following assumption on the pair (w, p):

Hypothesis M. there exists j € [0, N — 1] such that the observation zone w is such that @ C I;,
henceforth denoted as w &€ I;, and the following monotonicity property holds depending on the
value of j:

(1) if 7 ¢ {0, N — 1} then
p(ay) > p(af), k€ [1,7],
pla;) <pla)), kej+1,N—-1];
(2) if j = 0 then
plag;) < plai), k€ [1,N —1];
(3) if j = N —1 then
p(a]:) > p(a’]j)a k € [[LN - 1]]
Let s > 0 and let us introduce the space
Hp,(0,L) := {u € L*(0,L) | w, € H*(y), k€ [0,N —1]}. (1.2)
Via isomorphism, Hy (0,L) can be seen as the direct sum of the Sobolev spaces H®(Iy) for k €
[0, N —1]. Thus, it has a Hilbert space structure equipped the inner product
N-1

<U>U>H;W(0,L) = Z <u|1kvv|1k>H5(Ik)-
k=0

1.1.1. Carleman estimate. Let @Q := (0,T) x (0,L). For some pg, p1 > 0 given, let us assume that

< min p(x) and ma z) < py.
Po = :pE[O,L]p( ) xe[O,)E]p< ) =P

Let b, d € L*>(Q) and let £ :V — L?(Q) be the differential operator given by
L =0+ p(x)d + b(t,2)0, + d(t, z), (1.3)
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where V is the space of functions u € L?(0,T; H3,,(0,L) N H§(0, L)) such that Lu € L*(Q) and u
satisfies the transmission conditions

u(t,ay) = u(t,az), te(0,7), ke[l,N—1],
Vit (t,a;) = /Prus(t.a)l), t€(0,T), ke[l,N—1], (1.4)
Ph—1Uzz(t,ay) = pkum(t,a;r), te(0,7), ke[l,N—1].

Consider wy a non-empty open subset of w such that wy € w. Fix k € (1,2) and let 5 be the
weight function constructed by Theorem 3.1 below. For A > 0, we introduce the Carleman weights

M Blle _ AB@) @)
mop  d ) = sy

for (t,x) € @, The main result is the following two-parameter Carleman estimate.

0<n(tz)= (1.5)

Theorem 1.1. Let (w,p) satisfy Hypothesis M and let wy € w be non-empty and open. There exist
so > 0, Ao > 0 and a constant C > 0 depending on w, I', L, T, p, ||Bllcs(o,pr)s S0 and Ao such
that for all u € V we have

C // e~ (55)\6§5|u|2 + M3 ug|? + s)\2§|um|2)dxdt
Q
< e Lul| 2 + // e 2 (SPASEP [uf? + $PNEE ug|? + sAZE|uge|?)dadt  (1.6)
(0,T)xw

for any s > sg and A > Ag.

The above estimate is derived by following Fursikov and Imanuvilov | |. We emphasize that
a Carleman estimate is of interest in itself due to the many applications they have found. We now
give two applications and in Section 6 we briefly discuss the case of boundary observability.

1.1.2. Local controllability to the trajectories. Let us consider the controlled KdV equation

Yt + P(T)Yzoe + Yo + yye = Lov,  (t,x) € (0,T) x (0,L),
y(t,0) =y(t,L) =y, (t, L) =0, te(0,7T), (1.7)
y(O,I‘) = yO(w)7 T E (OvL)v

coupled by the transmission conditions (TC), where y is the initial condition, and v is a control
localized in some non-empty open set w C (0, L). We are interested in the exact controllability to the
trajectories for the KAV equation (1.7). More precisely, we wonder if, given 7" > 0 and a solution y
of the uncontrolled KdV equation

Yy +p(x)ya:mc +7, +9y, =0, (tvx) € (OaT) X (07 L)?
y(t,0) =9(t, L) =y,(t,L) =0, te(0,T), (1.8)
y(O,x) = yO(‘T)? YIS (OaL)7

coupled by the corresponding transmission conditions (TC), there exists a control v = v(¢, z) such
that the corresponding solution y = y(¢,x) satisfies y(7,-) = 3(T,-) on (0,L). In Section 2 we
discuss the well-posedness of systems (1.7) and (1.8), both coupled by (TC). The controllability
result is the following.

Theorem 1.2. Let T > 0 and let (w,p) satisfy Hypothesis M. If y € C([0,T],L*(0,L)) N
L2(0,T; HY(0, L)) is the solution of (1.8), then there exists § > 0 such that for any yo € L*(0, L)
satisfying (Yo — Yoll2(0,) < 9, we can find a control v € L2((0,T) x w) such that the corresponding
solution y to (1.7) satisfies

y(T,'):g(T,-) n (O>L)'
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The strategy consists in first consider the system satisfied by z = y — ¥, which is given by

2t + p(2) 20x + 2o + (U2)z + 22: = Lyv,  (t,x) € (0,T) x (0, L),
2(t,0) = 2(t) = 2,(t, L) =0, te(0,7), (1.9)
2(0,2) = zo(z), =€ (0,L),

coupled by the corresponding transmission conditions (T'C). Then, establishing the exact control
to the trajectories reduces to establish the null controllability of the system (1.9). This is done
by studying the null controllability of the linearization of (1.9) and then employing a fixed point
argument to treat the nonlinear system. The null controllability of the linearized system follows by
a duality argument and a suitable observability estimate for the adjoint system. This observability
estimate is derived from the Carleman estimate given in Theorem 1.1.

1.1.3. Retrieving a potential term. Consider the nonlinear KdV equation with potential p = u(x),

Yt +p(1')y:r:rx + ﬂ($)yz + YYyz = 0, (t71') € (Oa T) X (Oa L)v
y(t,O) = hl(t)a y(taL) = hQ(t)v yx(taL) = hS(t)a te (OvT)’ (1'10)
y(O,IE) = y0($), T e (OaL)a

coupled by the transmission conditions (T'C), initial condition yo and boundary data h= (h1, ha, h3).
We denote its solution by y = y[u]. We make the following assumptions on the interface T'.

Hypothesis J. The interface I and the coefficient p satisfy:

e The middle point of the domain is not an interface point: ay # L/2 for each k € [0, N — 1].
e The interface is symmetric, in the sense that ay + ay_r = L for all k € [0, N].

For m > 0 given, let us introduce the set of admissible potentials

M/(O) =0, p(ag) =0 and [:u/]ak = [\/f)lﬁ"]ak =0, ke [[LN - 1]]
p(x) = p(L — x),Va € [0, L] and [|ul| g3, 0,) < m '

<m

adm _ {u € H3, N Hy(0,L)

Following the Bukhgeim-Klibanov method, we can employ a slight variant of the Carleman estimate
given in Theorem 1.1 to establish the Lipschitz continuity of the inverse problem consisting on
retrieving the potential term on the equation (1.10). The result is the following.

Theorem 1.3. Let w C (0,L) be a nonempty open set containing L/2. Assume that T' satisfy
Hypothesis 3. Let p be symmetric with respect to L/2, that is, p(x) = p(L — x) for all x € [0, L] and

plag) > play), k€ [1,[N/2]], and pla;) <play), k€ [[N/2], N].

Let m, rg and K be some given positive constants. For any p € ‘}3‘%‘5;”, let (yo,h) € Zs1 be
compatible data (in the sense of Theorem 2.5 below) with respect to p, with yj(x) = y((L — x) for
x € [0, L]. If mingg(o 1) lyo(@)| > 1o > 0, there exists a positive constant C' depending on L, T, T,

w, m, ro and K such that for any v € %Cm@’

I =vliz20,2) < Clly = 2llm 0,712, ()
where the solutions y = y[u] and z = z[V] of (1.10)-(TC) issued from (yo,h) satisfy
max{ [|ylw.ee 0,710 (0,1))5 12l wee (0. msw 10 0,0)) } < K-

Remark 1.4. The boundary and interface conditions defining ‘B%CZL” ensure that any (yo, f_i) compat-

ible with with respect to u is automatically compatible with respect to any v € Cfiz@, so z = z[V]

is well-defined. This class is not sharp: the compatibility conditions constrain the difference yu — v
rather than on p and v individually, so for a reference potential p, this set could be enlarged.

Remark 1.5. Along the proof, we apply the Carleman estimate for (wp,p) satisfying Hypothesis
M, where wy € w is symmetric with respect to L/2. The symmetry and monotonicity hypothesis
imposed on p is then compatible with Hypothesis J.
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1.2. Some comments on the literature. The Korteweg-de Vries equation is one of the most
celebrated nonlinear dispersive equations. The study of its controllability properties began with the
early works of Russel and Zhang | ) ]. Since then, extensive research has been conducted
on its controllability properties. A good survey of results up to 2014 is provided by Cerpa [ ].
Here, we briefly highlight some key issues.

Regarding our setting, where we aim to study the control properties of the equation, the un-
controlled system (1.1)-(TC), which notably has a piecewise constant dispersion coefficient, was
first proposed by Crépeau | ]. In that article, the boundary exact controllability with a single
control acting on the Neumann boundary condition is established by a multiplier technique, under
certain (smallness) conditions involving the coefficient p, the time 7' > 0 and the length L > 0. To
the best of the author’s knowledge, this is the only controllability result for such an equation. The
exact boundary controllability of the KdV equation is a delicate issue, as was already noticed by
Rosier | ] when he established (by a perturbative approach) that the exact controllability with
right Neumann control holds if the length L does not belong to a certain set of critical lengths.
Later, using more refined nonlinear methods, Coron and Crépeau | | showed the (local) exact
controllability of the nonlinear system holds even when the length is critical. Since then, extensive
research has been conducted on various control problems surrounding this issue; a good survey of
this phenomenon is given by Capistrano-Filho | |. As pointed out by Crépeau, obtaining exact
control properties in the discontinuous setting, even by a perturbative approach, appears to be a
challenging problem.

A less demanding property is the control to the trajectories. This was studied by Glass and
Guerrero | | in the case of boundary controls. Observe that when y = 0, the control to the
trajectories is known as null controllability. Thus, the control to the trajectories can be seen as a
result in between the null controllability and exact controllability of the system. Moreover, it has
been used as a stepping stone to obtain exact control properties by introducing additional controls
acting on the system. For instance, Chapouly [ | employed this approach, leveraging control
properties of the viscous Burgers equation.

Furthermore, the control properties of linear KdV equation in different settings have already been
addressed by some authors. On one hand, the uniform controllability in the vanishing dispersion
limit has been addressed by Glass and Guerrero | , ] under different boundary conditions.
On the other hand, the controllability properties of the KdV equation in networks with various
configurations has caught significant attention in recent years; see, for example, Capistrano-Filho,

Parada and da Silva | | and the references therein.
With regard to global Carleman estimates for the KdV equation, when a variable main coefficient
is considered Baudouin, Cerpa, Crépeau and Mercado | | derived a Carleman estimate for a

sufficiently regular main coefficient, leading to Lipschitz stability in the inverse problem of retrieving
the main coefficient of the equation. Here, we extend this result in a certain sense by allowing
discontinuities in the main coefficient.

Aiming to obtain controllability results and Lipschitz stability for certain inverse problems, global
Carleman estimates for PDEs with discontinuous principal coefficients have been derived in vari-
ous contexts. Most of these, however, impose either a monotonicity condition on the jump of the
principal coefficient, strong geometric assumptions at the interface, or both. Given the extensive
literature, we mention the early works addressing the heat equation by Doubova, Osses, and Puel
[ |, the wave equation by Baudouin, Mercado, and Osses | |, and the Schrédinger equa-
tion by Baudouin and Mercado | ]. We also note that the nonphysical monotonicity condition
on the principal coefficient has been relaxed in the parabolic setting, see Benabdallah, Dermen-
jian, and Le Rousseau | ] in the one-dimensional case, while Le Rousseau and Robbiano
[ | establish global (and local) Carleman estimates in the multi-dimensional case.
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We emphasize that local Carleman estimates are a key tool in establishing unique continuation,
observability, and controllability results. Moreover, their derivation typically requires less restrictive
geometric conditions, in sharp contrast to the global case. For example, without any monotonicity
assumptions or geometric conditions on the interface, local Carleman estimates were studied by
Léautaud, Le Rousseau, and Robbiano [ | in the multi-dimensional parabolic case with
applications to null controllability, and by Filippas [ ] for the multi-dimensional wave equation
with applications to quantitative approximate control. We also mention Imba [ ] for the one
dimensional wave equation, where a global Carleman estimate is derived with application to an
inverse problem.

1.3. Outline of the paper. The rest of the article is organized as follows. In Section 2 we establish
the well-posedness of the uncontrolled KdV equation (1.7)-(TC) along with some regularity results
for the linear KdV as well as for its adjoint. In Section 3 we derive a new two parameter Carleman
estimate. In Section 4 we prove the control to the trajectories of the KdV equation. In Section 5
we prove the Lipschitz stability of the inverse problem of retrieving a potential term. In Section 6
we give final remarks about boundary observability.

1.3.1. Notation. To make our computations clearer, the symbol [-], will denote the jump at a € T,
namely, for a function pu we write [u], := p(a™) — p(a™). Given two quantities X and Y, we will
employ the notation X < Y to say that X < CY for some C > 0, possibly depending on several
parameters involved in the computations. Often, we will use such notation when the constant does
not matter on the analysis or when its dependency is understood.

Acknowledgments. Part of this article began while I was completing my master’s degree. I would
like to warmly thank Nicolas Carreno and Alberto Mercado for introducing me into the world of
research in control theory and for all their support during that period. I am also grateful to the
anonymous referees for their valuable comments and suggestions.

This project has received funding from the European Union’s Horizon 2020 research and inno-
vation programme under the Marie Sklodowska-Curie grant agreement No 945332. Part of this
work was also supported by the ANID-PFCHA /Magister Nacional scholarship programme (2020-
22201136).

2. WELL-POSEDNESS RESULTS

Let us first recall the definition (1.2) of HSW(O, L) for s = 3. By Sobolev embedding, if up, €
H3(I}), it also belongs to C?(I}) and the operator

uhk S H3(Ik) — ullk S CQ(Tk) (2.1)

is continuous. In particular, any u € H3 (0, L) satisfies u, € C2%(I,) for each k € [1, N — 1]. For

u € H3,(0,L), we introduce the transmission conditions

ula,) = u(ag), ke [1,N —1],
VP—1(ay) = \/ﬁcu’(a;), ke[1,N—1], (2.2)
pe—1v(ay) = pu(ay), ke [LN—1].

The natural space for the study of the system (1.1)-(TC) is defined as
He(0,L) = {ue HSW(O,L) | u satisfies (2.2)},

which is a closed subspace of Hg’w and therefore a Hilbert space endowed with the inherited inner
product of HSW. Additionally, let us introduce the Banach space

x2(0,L) = C([0,T), L*(0,L)) N L*(0,T; H' (0, L)),



CARLEMAN ESTIMATES FOR THE KDV WITH PIECEWISE CONSTANT MAIN COEFFICIENT 7

equipped with the norm
||'HX§1(0,L) = |I"lleoqo, 11,22 (0,)) + I l22(0,7581 0,1))-

2.1. Linear Cauchy problem. Let us consider the nonhomogeneous boundary-value problem

Yt + p(¥)Yzaw = f,  (t,2) € (0,T) x (0, L),
y(tv 0) = hl(t)v y(t7L) = h2(t)7 yac(tv L) = h3(t)’ le (OvT)7 (2'3)
y(O,.’L’) = yo(.%'), (S (O,L),

coupled along with the transmission conditions (TC). Let A : dom(A) C L?(0,L) — L?*(0,L) be
the formally defined linear operator given by A = —p(z)92 with domain

dom(A) :={u € HS’W(O, L) | u(0) =u(L) =u'(L) =0 and u satisfies (2.2)}.

Let us also introduce its formal adjoint operator A* := p(x)d3 with domain dom(.A*) given by those
functions z € HSW(O, L) satisfying z(0) = z(L) = z,(0) = 0 and the transmission conditions (2.2).

Lemma 2.1. The operators A and A* are well-defined.

Proof. Let z € D(A) and set g := chv:_ol PkZzze(T) 1. As 2, € H3(I) for all k € [0, N — 1], we
have 9y, = PkZazz € L?(I};) and thus g € L?(0,L). If ¢ € C>(0, L), by performing integration by
parts on each [ and adding up all these integrals, we get

ak+1 Ak
/ g@dﬂﬂ = Z / P%m@dﬂ? = Z </ DPr— lzxx@zd$+pk lzazx@’ak 1>
0 ap—1

k=1
L N-1
= _/ pzxw@xdl‘ + Z Clk [sz]a
0 k=1

The interface terms above vanish due to the transmission condition [pz;z]e, = 0 for k € [1, N —1].
Since ¢ is arbitrary, the previous identity implies that g is the weak derivative of pz,,. That is,
the weak derivative of pz,, coincides a.e. with the piecewise derivative pgz;;, on each Ir. Since
g € L*(0,L), then pz,, € H(0,L) and Az = —g € L%*(0, L) is well-defined. The proof for A* is
identical. g

We can now employ semigroup theory tools to study the linear Cauchy problem (2.8)-(TC).

Proposition 2.2. The operators A and A* both generate a strongly continuous semigroup of con-
tractions on L?(0,L).

Proof. The operators A and A* are both closed and densely defined. If z € D(A) then

L
<~sz Z>L2(0,L) = _/ p(a:)zxa:del'
0
N
ag
Z / Pr— 1Z:ch:cd$—pk 12z 2
k=1 k-1

N
=5 (B ()P — Pzt )P) — pire(a)2(07) + prcrzaslay el )

k=1
Do N—-1 1
=B + 3 (~glolen Pl + 2(00)lpzers,
k=1
Ppo 2
_20 <
2L 0) <0
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In a similar way, A* is also dissipative since

* PN-1
(2, A"2)r200,1) = — |2:(L)[* < 0.
The conclusion follows from the classical Lumer-Phillips Theorem. O
By classical semigroup theory | , Chapter 4], the previous proposition implies that the linear

problem (2.3)-(TC) with homogeneous boundary data h = (hy, hy, hs) = (0,0,0) admits a unique
classical solution in the class C°([0, T, D(.A))NCL([0, T, L*(0, L)) whenever f € C*([0,T], L*(0, L))
and yo € D(A). To treat the nonhomogeneous linear problem, for 7' > 0 we set

Zor = L*0,L) x H'(0,T) x H'(0,T) x L*(0,T).

Using semigroup theory and the multipliers method, we obtain the following well-posedness result
for the linear Cauchy problem (2.3)-(TC) along with the classical Kato smoothing effect.

Proposition 2.3. Let T > 0. Let f € L*(0,T;L%(0,L)) and (yo,h) € Zor. Then there exists
a unique solution y of the KdV equation (2.3)-(TC) that belongs to X2(0,L). Also, there exists
C=C(T,L,T,p) >0 such that

”yHXqQ(O,L) < C(”(%ﬁ)”%y + Hf”Ll(o,T;L2(0,L)))- (2.4)

Proof. Let us assume that f € C1([0,T], L2(0, L)), yo € H3.(0, L) and h = (hy, ho, hs) € C*(]0,T])?
satisfying the compatibility condition

y0(0) = h1(0), yo(L) = h2(0) and yo(L) = hs(0).
Set A := 430 '(L — ap)~" and let ¢ be defined to lift the Dirichlet boundary data,

N-1 4 N-1 4
D  (L—=)? x — ag x(2L—1xz) Ax(L—x) x — ay
(0 (t,CL‘) T 7.2 ]E ( a > hl(t) + < T2 + i3 ]}:{ L — ay hQ(t)a
which satisfies ¥ (¢,0) = hy(t), ¥P(t, L) = ho(t), Y2 (t,L) = 0 and the transmission conditions
(TC)with [¢Pa, = [/D¥P]ay = [p¥2)]a, = 0 for each k € [1, N — 1]. Thereby, z := y — " satisfies

Zt +p($)zx2m = .}?7 (ta 1’) € (OvT) X (OaL)’
Z(t¢0) = Z(tvL) =0, Z:B(taL) = h3(t)a le (07T)a (25)
z(O,a;) = yO(‘T) - wD(va)v T € (O,L),

coupled with the transmission conditions (TC) and f := f — (¢P +p(x)yP.,) € C*([0,T], L*(0, L)).
By means of semigroup theory | , Chapter 4] to treat the nonhomogeneous term f, we can once
again choose % to lift the boundary Neumann data [ , Proposition 2] so that w := z — ¢V
is a classical solution in C°([0,T],D(A)) N C*([0,T7],L?(0, L)) of the corresponding homogeneous
boundary problem with source term g := f — (N +p(x)p.,) € C1([0,T], L*(0, L)) and initial data
w(0,-) = yo — PP (0,-) —N(0,-) € D(A). From this we obtain a unique classical solution solution
2= 1w+ 9N € 0, T), H2.(0, L)) N C1([0,T], L2(0, L) to (2.5).

Let ¢ € C°([0,T] x [0,L]) be such that q,, € C>([0,T] x 1) for k € [0, N —1]. Performing
several integration by parts we obtain

S S
2/ / qzztdacdt:—/ / qt|z|2dﬂvdt+/ qlz|?
0 JI 0 JIy Iy,
and
S S S
2/ / quzzmdxdt:—/ /pqmm]z\gdxdt—i—?;/ /pqz|zm]2dacdt
0 JIy 0 JIy 0 JI

S

dzx
0
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Ak+1

dt,

S
+ / (PGs|2* — Pa|22]? — 2Pqu220 + 2pq220s)
0

ag

for each k € [0, N — 1]. By adding these equations we get

//pqx|zx| d:z:dt+/ q\ da:—// Gt + PQuza) |2 dwdt+2// qudxdt
0

+ /0 pv—10(L) s (t) 2dt - / Pod(0)2(t, 0) 2dt+2 / (PGl |2t @) 2 = [alay izt @ I?) dt

+2 Z / ([Q]akz(ta ak)Pkax(t7 az_) - [\/ﬁ(h’]ak Z(t7 ak)\/]Tkzac (t, a]i_))dt
k=1 "0
On the one hand, if we set ¢ = 1 on [0, L], we obtain

s L L s s prL
| mla 0P+ [ClasPde = [C0.0Pde+ [ pyvoaDia(oPdesz [ [ s Fasd
0 0 0 0 0 0

By Cauchy-Schwarz and then Young’s inequality, we get

121300 11,220.9) < C 1200, 720,y + 1R31132 001y + 1172 0.7:22(0,00))-

On the other hand, by setting s = T" and choosing qo(z) = z//po for x € Iy and qi(z) = (v —
ar)//Pk + qr—1(a;, ) for x € I for all k € [1, N — 1], we readily get the identity

T /L L L
3/ / Dz dxdt —I—/ q|2(T,z)|*dx = / q|2(0, z)2da
o Jo 0 0
T T L
+/ px1q(L) hs(8)[2dt + 2/ / g= Fdudt.
0 o Jo
The above identity together with the previous estimates implies
22l 72012200,y < CU1200, )32 0.0y + 123l 3200y + 11310 222 0.) -
First, using that H'(0,T) < C°(]0,T]), we have
1200, M 220,) < C(llyoll 20,y + I1(h1s h2) [l 1 g0.7)2)-
Second, recalling that f: f—@P +p)wl.,), we get
1/ 2 0.2 00,0 < C(1(ha, )l mrvorye + 1Nl i o 20,0 ) -
Third, we have
19" 1 a90,2) < CUI(h1s B2) ooy + 1(B1s ha)llz2omy2) < Cll(has ha) |l o1y

Gathering the above estimates and using that y = z + 9", we obtain estimate (2.4). Finally, for
data f € L'(0,T; L*(0,L)) and (yo, E) € Zor, linearity and a classical density argument through
smooth enough compatible data yields the desired unique solution y € X:,Q(O,L); see for instance
Coron | , Section 2.2]. O

Remark 2.4. The multiplier employed in the previous proof was introduced by Crépeau | I,
capturing the transmission conditions and being similar in spirit to the one used by Rosier [ ]
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2.2. Nonlinear system. Let u € L>°(0,L) and z € X%(0, L), and consider the system

Yt +p(x)yxzx = _,u(x)zas — RZg, (t,l') € (O7T) X (07 L),
y(0,z) = yo(x), =z €(0,L),
coupled by the transmission conditions (TC). Due to the Kato-smoothing effect and Theorem A2,
—22, is allowed as a source term and for (yo, h) € Zp 7 we can introduce the map Flood : x2(0,L) —

X2(0, L) to be the map defined by f(yoﬁ)(z) =y, where y is the solution of (2.6).

We now establish global well-posedness using a classical fixed-point argument. Assuming more
regularity on the initial data, we can guarantee the existence of a more regular solution following
Bona-Sun-Zhang | , Theorem 4.1]. To this end, let us introduce for j € N,

Zng = H¥,0,L) x H(0,T) x H'*7(0,T) x HI(0,T),

X7 (0, L) = C([0,T], Hp (0, L)) N L*(0, T; Hyl ™ (0, L)),

both of them equipped with their natural norms. Since we need data that is compatible with the
boundary and interface conditions of our equation, we introduce the following definition.

Definition 2.5. Let p € Hggfl)(O,L). Given (yo,h) € Zsjr define (¢¢)¢>1 recursively by

®0 = Yo,
{ br = —pla)(pe1)" — plx)d,_, — S Zh(pidp_1_3) on each I, for k € [0, N — 1].
We say that (yo, }_i) € 231 is 3j-compatible if

l l .
#(0) = 17(0), éu(L) = h(0), ¢(L) = h(0), £ € 0,5 ~1],
oy, satlsﬁes the transmission conditions (2.2), e 0,5 —1].
The result is the following.

Proposition 2.6. Let T > 0, L > 0 and p € L®(0,L). For any (yo,h) € Zor the system
(1.1)-(TC) has a unique solution y € X2(0, L) satisfying

Iyl 200,y < C (10, 2l 202 | (W0, 7)1 20 (2.7)
for some continuous, non-decreasing C : R* — RT depending on ||p|| g (o,1)- If, additionally, j > 1,

U E HS\(N] 1)(O,L) and (Yo, h) € Z3j 1 1s 3j-compatible data, then y € X3J

w0, L) with continuous

dependency on (yo, h).
Proof. Observe that the constant C' > 0 given by Theorem 2.3 is affine on T > 0. Let us set
F =F, . Then, for any 0 < 7 < T, we have
(yo,h)
|F ()l xo0,) < C (H(ym M zor + 02zl L10,722(0,0) + ||ZZac||L1(o,T;L2(o,L))) :

By using Theorem A1l on (0, L), the previous estimate implies

IF () x000,2) < Cll(yo, )|z, + ClHM|’L°°7’1/2HZ||X$(0,L) + Oy (712 + Tl/g)Hzchg(o,L)-
for some C7 > 0. Let R > 0 be such that

R =2C||(yo, h)l|zr and Cipllz=m?+ Ca(7"? + /)R <

=

Then for small 7, the map F reproduces closed ball Bg = {z € X0 : Izl xo(0,) < R} and

IF(z1) = F(z2)llag < (Cillpller? + CL(r' 2+ 72) (|21 o + H22||X9)> I21 = 2ol
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< Lz -zl
_2731 2211 x0-

The smallness condition imposed by R allows us to apply the Banach fixed-point theorem in time
7 < T, which give us a unique fixed point y of F belonging to Br and by consequence being the
unique solution y € X2(0, L) of (1.8). To globalize the solution, we multiply the nonlinear equation
by y (that is, choosing ¢ = 1 in the analogous multiplier identity obtained in Theorem 2.3) and
then integrate by parts in (0,L). First, we manage the potential contribution ‘ fOL u(x)yyxdx‘ <

el o= ||y]l 2 ||y= || .2, and then noticing that the nonlinear term contributes fOL yY(yyz)dx = %yﬂé =

$(h3 — h) which are controlled by Sobolev embedding H'(0,T) < C°([0,T]), by a Gronwall
estimate we get

sup [ly(t)llz2(0,r) < CUl(wo, 2|z 2) | (W0 7) 24,1
te[0,7

Hence we can pick 7 € (0, T] only depending on ||(yo, /) | 2o+ and, up to shrinking 7 so that nT =T
for some n € N, we can extend the previous argument on intervals (7, 27], (27, 37],..., ((n—=1)7,nT =
T]. Along with an standard uniqueness argument, the existence of a unique solution y € XQQ(O, L)
is guaranteed. A bootstrap argument lead us to estimate (2.7).

-

If (yo,h) € Z3 7, we can set z := y; and look at the equation it satisfies. We can replicate the
previous reasoning to get that | z|| x0(0,L) < C1l/(yo, P)ll 25 1, where Cy is continuous non-decreasing

in ||(yo, E)Hgo,T. Thus, by carefully using the fact that z = —p(2)yrer — 1(2)ys — Yy, (recall that

p is piecewise constant) we obtain that y € A3

Sw.r(0,L). Following a similar procedure one can

establish the existence of solutions in st]; (0, L) for j > 2, whenever p € Hg&,jfl)(O, L) to handle
the potential term. The details are easily fulfilled following | , Section 4]. U
Remark 2.7. In view of the results in the smooth case | , Theorem 1.3], it is most likely that

the functional space Z3;7 is not sharp,. Obtaining the corresponding smoothing effects to lower
the regularity of the boundary data (hi, h2) in our discontinuous setting is an interesting problem.

2.3. Adjoint system. We now introduce the notion of weak solutions that will be used for our
controllability problem with homogeneous boundary conditions in Section 3. Let us consider

Yt +p(x)ymxz + Yz = f7 (tax) € (OvT) X (07 L)?
y(t,0) =y(t,L) =y, (t,L) =0, te(0,T), (2.8)
y(ovx) = yO(‘T)7 T € (OvL)v

coupled by the corresponding transmission conditions (TC). The following definition is motivated
by performing integration by parts as the ones done in Theorem 2.2.

Definition 2.8. For (f,yo) € L?(0,T; H~'(0,L)) x L?*(0,L) a function y € C([0,7],L?(0, L)) is
called a weak solution of (2.8)-(TC) if it satisfies

T
//Q ygdadt + (y(T), 1) 12(0,1) :/0 (f20) 10,0y 3 0,) 4 + (W0, £(0)) 12(0,1),

for all (g, 1) € L'(0,T; L?(0,L)) x L?(0, L), where ¢ is the mild solution of the adjoint system

—Pt _p<$)§0:c:cw — Pz =9, (t,:(}) € (OaT) X (OvL)v
‘P(tv 0) - (P(tv L) - (Pm(ta 0) =0, te (07T)7 (2'9)
@(T7x> = (PT(w)v T € (O7L)a

coupled by the corresponding transmission conditions (TC).
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Let A := —p(2)d? — 8, with D(A) = D(A). Straightforward computations show that the conclu-
sions of Theorem 2.3 still hold true when A is replaced by A. Hence, following the same approach
as in Theorem 2.3 but for the adjoint equation, we can ensure that for any o7 € L?(0, L), there is a
unique mild solution ¢ of (2.9) which belongs to X:?(O, L). In particular, it also enjoys the Kato-type

smoothing effect and henceforth the above definition makes sense. From now on we relabel A by A.

Remark 2.9. A simple computation using integration by parts shows that a (piecewise) regular
solution y of (2.8)-(TC) is also a solution in the above sense.

We now establish some regularity estimates for the adjoint system (2.9) that will be needed later
in Section 4. We recall the definition of Hy (0, L) given in (1.2) and we remark that in the next
result we make the notational convention Hp_wl(O,L) := HY(0,L), where H™! is the usual dual

/0 ! Whdz

space of H& equipped with the dual norm

[l -1 = sup
heH}(0,L)
IIhllHéﬁl

i

as a consequence of Riesz’s representation theorem.

Proposition 2.10. Let T > 0. If o7 € D(A*) and g € L*(0,T; D(A*)), then there exists a unique
strong solution ¢ of the adjoint equation (2.9)-(TC) such that, for some C = C(T,L,T',p) > 0,

H@||C([O,T},ng(o,L))mLz(o,T;ng(o,L)) < C(||90T||ng(0,L) + HQHLl(o,T;HgW(o,L)))- (2.10)
Additionally, if g € L*>(0,T; D(A*)), then for s € {0,1,2,3}, we have
H‘PHL2(07T;H;VJ51(0,L)) < C(H‘»OTHHSW(O,T) + HQHLZ(QT;HSV;l(o,L)))- (2.11)

Proof. The existence follows by classical semigroup theory as done in Theorem 2.3, see | ,
Chapter 4]. We thus focus on obtaining estimates (2.11).

Step 1: case s = 0. This case is handled exactly as in Theorem 2.3, but instead, we choose the

multiplier gy_1(z) = (z — L)/\/pn—1 for x € In_1 and qr(z) = (2 — aps1)/\/Pr + @rs1(a; ) for
x € I, for all k € [0, N — 2], we obtain

T L L L
3 /0 /0 VPloal2dudt + /0 4(0, 2) 2de = /0 dllor(@)2dz

T L 1 ) T rL
+/ / — || d$dt—|—2/ / lg|pgdzdt.
o Jo VP o Jo

Thus, since p is bounded from below, by using Poincaré’s inequality, for any € > 0 we have

HSDIH%Q(O,T;LQ(O,L)) < CHSOTH%Q(O,L) + EH%H%Q(O,T;H(O,L)) + CEHQH%Q(O,T;H—U‘
By choosing £ > 0 small enough, we readily get inequality (2.11) for s = 0.
Step 2: case s = 3. Let o7 € D(A*) and g € L(0,T; D(A*)). By classical semigroup theory, then
v € C(]0,T],D(A*¥)). Hence, if we let w = A*¢p, it is a mild solution of (2.9) with initial data A*@r

and source term A*g € L*(0,T; L?(0, L)). Furthermore, we can perform the same analysis as in the
case s = 0, which lead us to

Hw||L2(0,T;H1(0,L)) < C(HA*%?TH%%O,L) + HA*gHQLz(O,T;H—l))- (2.12)
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To estimate the last term in the right-hand side above, we use A*g = pgrzs + g and

[A*gllg-1 = sup
heH}(0,L)
IIhIIHégl

L
/0 (pg:t:ca: + g:z:)hdx .

As in Theorem 2.1, due to the transmission conditions we have A*g € L*(0, L) and (A*g, h)12(o, L) =
—(P9zax + 9, ha) 12(0,1)- By Cauchy-Schwarz’s inequality, we get

L
|A*gl| -1 = sup / (Pgzz + 9) hodz
heHE(0,L)

h <1
Il <

< IPgeallrzo,n) + I9llz20,0) < Cllgllmz, o,n)-  (2-13)

As p is bounded from below, by using the transmission conditions again, we have that
H@||L2(0,T;ng(o,L)) S ||wHL2(O,T;H1(O,L)) + ||90HL2(O,T;H§W(0,L))7 (2.14)

and gathering inequalities (2.12)-(2.13)-(2.14), we have

< .
lellzzo,r;m2, 0,0)) S llerllms, o) + 11922012, 0,1))

proving estimate (2.11) for s = 3.

Step 3: cases s = 1,2. Let us denote by S the (linear) solution map that sends (¢, ¢) into . From
the previous steps, such map is continuous in the following spaces,

S: L*0,L)x L*0,T; H'(0,L)) — L*(0,T;H,,(0,L)),
S: D(A*) x L*(0, T; H?c,DDN(Ov L)) — L*0,T; H4 w(0, L)),

where HfC?DDN (0, L) consists of functions in H2, (0, L) encoding the transmission conditions up to
order 1, the Neumann at 0, and Dirichlet boundary conditions. By linear interpolation, Theorem A3-
Theorem A4 and Theorem A5, estimate (2.11) follows. O

We now establish a similar result for the adjont system to the linearized version of (1.7) with a
regular source term. These estimates are key for the proof of Theorem 4.1.

Proposition 2.11. Let T > 0 be given and assume § € X2(0, L). Then for any ¢ € L*(0,L) and
g € LY0,T;L*0, L)), there exists a unique solution ¢ € X2(0,L) of
(

—¥Yt — p(x)@xm: — Pz — y@x =9, ( ) € O’T) X (Oa L),
(P(t’ O) = @(t’ L) = pr(ta 0) =0, (OaT)v

‘P(T’ l‘) = @T(x)a (0’ L)

coupled by the corresponding transmission conditions (TC). Additionally, if § € pr( ,L), for
s €{0,1,2,3} there exists C > 0 such that for any o1 € D(A*) and g € L?(0,T; D(A*)),

H‘P||L2(0,T;H;j;1(o,L)) < C(||90T||ng(0,T) + ”gHL?(O,T;Hf;‘;I(O,L))) (2.15)

Proof. We split ¢ = ¢! +¢? where ¢! solves the system with data (o7, ), and ¢? solves the system
with potential 7, initial data ©?(T) = 0 and source ZpL. To treat ¢! we use Theorem 2.10 and to
treat ¢?, we use a fixed point argument following the same steps of the proof of Theorem 2.6. The
estimates follow from Theorem 2.10 and § € Xg’W’T(O, L) to handle the estimates on the potential.
We omit the details. O

Remark 2.12. Note that the statement of Theorem 2.11 is not empty, as shown by Theorem 2.6,

and that the constants depend on the norm of ¥, be it on X 9 or XI‘:’W T
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3. A GLOBAL CARLEMAN ESTIMATE

We first introduce a weight function with internal observation. Let j € [0, N — 1] be fixed in the

sequel and let wy € I;.

Lemma 3.1. There exists a continuous function 8 € C([0,L]) such that Bl € C3(Iy,) for k €

[0, N — 1], satisfying the following properties:
(1) for some r >0, it holds that

in > d p'#0inl;
mrerfég]ﬁ_r and ' # 0 in I; \ wo

and depending on the value of j:
(a) if € {0, N — 1} then

B >r>0 inEforkE[[O,j—l]],
B <—r<0 inlg forkelj+1,N—1];

(b) if 7 =0 then
B <—r<0inl forke[1,N—1], and B'(0) > 0;
(c) if j =N —1 then
B >r>0inl forke[0,N —2], and B'(L) < 0;
(2) for some k € (1,2) it holds that

kmax 8 < 2min 83, k € [0, N —1];
zely z€ly

(3) at the interface the following transmission conditions hold:

5(“12) = ﬁ(a;)v k€ [[17N_1]]7
VI 1B (ay) = yoeB(af), ke[l,N-1],
pe-18"(ay) = peB"(af),  ke[L,N-1].

Proof. We will show the existence of such a weight function 8 by explicitly constructing a piecewise
affine function outside the observation interval, with a quartic polynomial on I, satisfying all the
desired properties. Although this is enough to obtain our Carleman estimate, we point out that a

more general 3 could be constructed, see for instance | , Lemma 1.1, Lemma 2.1].

Step 1. Piecewise affine on the left. Let us first assume that j # 0, that is, the observation zone is

not located on Iy. Take mg > 0 and define {m, ..., m;_1} inductively by,
VPEME = \/Pe—1muk—1, k € [1,7 —1].
Let us define on Iy for k € 0,5 — 1],
Br(x) = my(x — ag) + cx,
with my > 0 as above and the c’s are chosen by continuity: take ¢y > 0 and

cr = Pr-1(ay ) = mp—1(ax —ap—1) +cx—1, k€ [1,5 —1].

Furthermore, the third transmission condition is automatically satisfied since 3, = 0 on each I,

and 3, = my > 0 on I}, for k € [0, 5 — 1].
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Step 2. Quartic polynomial on the observation zonme. Since 3 is being constructed to be affine
outside I}, the third transmission condition forces 3} (a; = Bj(a;) = 0. Hence we impose 3} (z) =
mj(x — aj)(x — ajy1), for some m; € R to be determlned We thus have

Bj(w) = m;J;(x) + nj, (3.3)

where J;(z) := fa"i (t —a;)(t — ajq1)dt and n; := Vp]\/lg] * > 0 is prescribed by the transmission
condition on the left. Let us consider ({y, 1) € wp and choose m; satisfying

nj nj
po <m; < — ,
350l T [35(6)
so that Bi(fg) > 0 and Bj(f1) < 0. As J(x) = (v — a;)(z — aj41) < 0 for z € I}, B} is strictly
decreasing on I;, by the intermediate value theorem, the unique zero of 5;- must lie inside of ({y, ¢1),
hence 8} # 0 in I; \ wo. We then define

Bj(x) :=m; /x Jj(s)ds +nj(z —aj) + /Bj_l(aj_).

J

From the lower bound on mj, that J; is strictly decreasing on I, and that |J;(¢1)| < [J;(aj+1)], we
have ﬁ;-(aj_ﬂ) < 0. If j = N—1, the construction ends here and it ensures that 3'(L) < 0. Otherwise,
we continue by constructing a piecewise affine function on the right-side of the observation zone.

Step 3. Piecewise affine on the right. For j # N — 1, we set mj41 := ﬂ’( y+1) < 0 and we

\/P1+1

define inductively my,1 = \/\;f;m <Oforke[j+1,N—2]. For k€ [j+1,N — 1] we define

Br(@) = my(x — a) + cx,
with ¢j11 = 3; (aj_H) and the remaining c¢;’s chosen by continuity as in Step 1. Note that §; =

my < 0 on I for each k € [ + 1, N —1].
We then set 3 to be defined on each I by 5|1k := B for k € [0, N — 1] with the obvious traces

defined by continuity. By construction, the transmission conditions (3.2) are clearly satisfied by S.

Step 4. Final bounds. Let us set E = [+ K with K > 0 to be chosen below. Observe that the
transmission conditions and the sign of the derivatives remain unchanged under this shift.
Let C :=max,¢p 1) B and ¢ := min,¢[ 1) 8. Note that for each k € [0, N — 1] it holds
min3 > K +¢ and maxf < K + C.
I, Iy,

A sufficient condition for (3.1) to hold is to choose K large enough so that K + ¢ > 5%-(C' —c¢). By
setting

wl K4 e mi 7 . B } LN 1
mm{ +c kglju_ll my; j+1g}c1§nN—1( mg) e, JF
min{K—i—c, min mk}, j=N-—-1,

k<N-2

we obtain the desired bounds.

Step 5. Right endpoint case. If j = 0, we perform a similar construction starting off from Iy as in
Step 2 ensuring 4'(0) > 0 and ' # 0 on Iy \ wo, and then as in Step & constructing piecewise linear
functions with negative slope. The proof finishes by relabeling 5 by S. O

Remark 3.2. Since we are deriving a two-parameter Carleman estimate, a condition on the second
derivative of the weight function is not required, unlike in the one-parameter case. However, we
retain the second-order transmission condition, as it simplifies some computations later on.



16 CARLEMAN ESTIMATES FOR THE KDV WITH PIECEWISE CONSTANT MAIN COEFFICIENT

Let us set Q" = (0,7) x ((0,L) \T'). The weight functions (1.5) satisfy the following identities

Oen = —AB'E, 9:€ = AP'E, in @',
o= gt €= g
We have that for each k € N, there exists C' > 0 independent of A > 0 such that
@50 (t, 2)| +058(8, 2) < COF + 1)), (to) € Q" (34)
Furthermore, due to the properties of 3, there exists a constant C' = C(T) > 0 such that
CH<&(t,x) and [9n(t,2)| + |8&(t,2)| < CE(L, ), (t,2) € Q. (3.5)

These estimates will give us the heuristics to identify the dominating and lower order terms coming
from the integration by parts later on.

3.1. Proof of Theorem 1.1. Let s > 0 and define Vs = {e”*"u : uw € V}. Foru € V set w = e"*"u
and introduce the conjugate operator

Lyw = e 1L(eMw) = (L1 + L2+ R)w
where
Liw = wi + 3ps®nwy + pwags + 3pms gL,
Low = ps?’ngw + 3psNaWes + 35We (PN ) 2,
and
Rw = bsnew + bwg + PSTaae + 3ps>aTeew + dw + sTWw — 35PeNeWa — 3PMS NeTaaW,

for some constant m > 0, to be chosen later. By Theorem 3.1, since [ satisfies the transmission
conditions, the conjugate function satisfies them as well:

w(t,a;) = w(t,af), te(0,7), ke[l,N—1],
VP—1we(tap) = /Prwe(t,af), te(0,T), ke[l,N—1], (3.6)
Pro1Wan(t,a)) = prwee(t,al), t€(0,T), ke [1,N—1].

Taking the L?—norm to Liw + Low = L,w — Rw we obtain
1L1w] 720y + [1L2w] 72 () + 2(L1w, Law) 2y < 2[|LywlT2g) + 20 Rwl|72(g)-

The introduction of a well chosen parameter m > 0 for the last term in £; originates from an idea of
Fursikov and Imanuvilov | | in the parabolic case, and allows us obtain positivity for the crossed
product term without relying on the square terms ||£iwl||2, and || Lowl||2,. We refer to Le Rousseau,
Lebeau and Robbiano’s book on Carleman estimates | , Section 3.7] for a thorough analysis
of this term.

3.1.1. Double product term. To fix notation, in what follows the symbol |€ denotes the evaluation

at the end points considering the interface, namely, u|f = Zév:_ol plar*. Henceforth, we will write

nly = m(L) = p(0) = 3 [l
acTl’
Denote by I;; for i € [1,4], j € [1,3] the ij—term of the L?—product (Liw, Low)2(g). We have
that w(0,t) = w(L,t) = 0 for all ¢ € (0,7) and w(z,0) = w(z,T) = 0 for all x € (0,L). In
what follows, for each term I;; we will perform several integration by parts and we will write once
explicitly all the terms. Then we will gather them into two groups: the distributed and boundary-
interface terms. Within each group we will split the terms with respect to the powers of s, A and &
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into dominating and lower-order terms: the former will produce the weighted norms we are looking
for and the latter will be absorbed for large s and A. We perform the integration by parts below:

I = // ps’niwwdndt = 283)\3 // PBIE & w|* dudt,
Q Q

Ii5 = 3s // PNy WegWedxdt
Q

3 T
= —Ii3 — 28)\// PBei|we|?drdt — 35\ / pBrEww,dt
Q 0

Iy = 3s° // p2n§wwid$dt
Q
T
0

3 15 3
5 | /Q 0P 60u wPdadt + 5250 [ /Q P uldd — SN [ 6% s

L

)

0

L

)

0

Iy = 953 // p2n§wxwmd$dt
Q

L

9

T
0 0

9 27 9
o | /Q 0P8 Pt + s [ /Q P waPdndt — 550 [ B2 P

Ir3 = 9// psgnz(pnm)z‘wz‘zdxdt
Q

= —953)\3 //Qpﬁi(p,é’m)xf?’]wxﬁdxdt —9s3)\4 //Qp26§§3|wx\2da;dt,

I3 = s3 // pzngwwmzdxdt
Q

3/\3
=2 // (p26§§3)zm]w\2d:):dt— §s?’/\3 // (p2ﬁg)m§3\wm\2d:rdt— 9:93/\4‘ // pQB;"é?’\wx]dedt
2 Jg 2 Q 2 Q
33)‘3T233 2L 33T233 L53A3T233 2L
2 0 0 0 0 2 0 0
T L
— 33)\3/ p26§§3wwmdt ,
0 0

I3z = 3s // p277xwx:cwxxxd«75dt
Q

T
= 33)\// (pQBx)z£|wzx|2dmdt+§sA2 // P2 B2 | wee | Pdadt — 35)\/ P2 Bt was|*dt
2 0 2 0 277 Jo

L

)

0

I33 = 3s // p(pnx)xwxwx:md$dt
Q
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— SA// (PBeE) s m|wx|2+35)\// (PBa) 2 |Wee|*dzdt + 35)\2 // p2p2¢ |wm|2dxdt

3)\/ p(pBz)z) |wx|2dt

)

0

- 35)\/ pﬁzg)xwxwxxdt

Iy = 3ms® // p2n§nm\w|2dazdt
Q

= —3ms\° / /Q P2 B2 B w|?dadt — 3msS\° / /Q P2 358 |w | dadt,

Ij2 = 9ms? // PPN ww g dudt
Q
9 9
— —§m83/\3 //Q(p25§5m§3)myw|2dmdt— 5ms?’x* //Q(p25;*§3)myw\2d:cdt
+ 9ms3A3 // P2 B2 B3| wy|*drdt + 9ms3 At // P2 BAE3 w, | dadt
Q Q

L

9 T
+gmst\ [Pl
0

L

9 T
+ 2m83)\4/0 (p?B2€3) , |w|*dt

0
L

T L
— 9ms®A\? / p25§§3wwxdt
0 0

)

T
- 9777,83)\3 / p2/8£6x:c§3wwa:dt
0 0

I3 = 9m33 // p(]”?m)z”a:ﬁzzwwzdmdt
Q

= o [ | (p080:50000) Ju Pzt + Smst N [ [ (p(95,€),8%7) o dnde
Q Q

L L

9 T
~ It / D(pBa)o B3 0 2dt
0 0

T
— gms?’)\B [) p(pﬁxg)xﬁwﬁxa:§2|w’2dt

0

3.1.2. Gathering terms. We split the double product terms as follows

(Lrw, Law) p2() = ( - 3m> x| / PR B Pt
+ 9ms3A?t / /Q P2 BLE3 \w, Pdadt + isv / /Q P2 B2E \wes|*dadt + DV + 9B,
where ©% and 9B gather the lower order distributed and boundary-interface terms, respectively.

For the boundary-interface terms, without taking into account any of the boundary conditions nor
the transmission conditions, we have

3 T Loy T L
B =— 35/\5/ P2A2E% w|?dt| + m33)\4/ (p?B2E3) | w|dt
2 0 0 2 0 0
9 3.4 T 3¢3), 12 g sIA3 (T 20243 2 g
el S T ey (e S M
2 0 0 2 0 0

L

9 T
— 2ms3)\3/0 p(pﬁxg)zﬁxﬁxx£2|w|2dt 0

L

9 T
gm0 [P
0
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L L

3

T T
4508 [ R P ~oon [ Bl
0 0 0

0

L L

— 33)\3/ pQﬁgﬁ?’wwmdt
0 0

L

L 3 T
+ 3 / [P(PBa) e lwal2dt
o 2 Jo
T L

T
+ 83)\3/0 (p25553)xww$dt

L

T
- 35)\/ P(PP2E) s Wa Wy dl
0

0 0

L

T T T
— 9ms3)\3/ pZﬂzﬁmgz)’wwxdt — 9ms3)\4/ p25§§3wwxdt — 35)\/ pB & ww, dt
0 0 0

0 0
In view of the boundary and the transmission conditions, we split B as follows

B =B + By + B+ Br,

where each one of these terms is described below. To slightly simplify the notation below and keep
better track of the dominant powers, let us define &, ) := sA{. First of all, Bz, and By correspond
to those terms at x = L and 0, respectively, that have fixed sign

0

T o3 2 3 (" s 2
By, =4 /0 (P332 s | )\x:Ldt—g/o (P Bt fwsl’) |, d,

T T
- 3 -
%0 - 4/0 (pgﬁgfg,)\‘wr‘z) ‘$:0dt + 5 /0 (pzﬁzgs,/\’wxxP) ‘zzodta
and B* corresponds to the terms without fixed sign at the boundary
* 3 4 2 3 g 2
B = 55)‘ 0 ((p(pﬁxf)x)x|wx| )‘x:Ldt_ §3>\ 0 ((p(pﬁxé):c)ﬂwﬂ )}x:[)dt

T T
+ 35\ / (P(PBrE) s wowas) | ,_odt — 35X / (P(PB2€)swowss) |, dt.
0 0
In the same spirit as before, we split the terms at the interface as follows

Br =B + B =) (B (a) + BE(a)),
acl’

where

3 [T ~ T ~
@) = 5 [ el + 4 [P
T

3 T 5 5 T 5
+ 5 / [p25x€s,)\‘wmz‘2]adt + / [p26§§§,)\wwxm]adt + 3/ [pﬁzgs,kwtwm]adty
0 0 0

and ’Blp"“’ gathers the remaining terms at the interface, which will be shown to be of lower order
with respect to ‘B%"m.

3.1.3. Estimates for the distributed terms. Henceforth the generic constant depends on L, T, pg,
p1, |1Bllcs, 7y so and Ag, where sg and Ao will be chosen later. Let us introduce

wllfagi= [ (S0P + SN 0+ X ) dadt,
Q

Obs(w)? , ¢ = / / (A€ Nwf? + SN P+ 5N ) daclr,
(O,T)Xw()

which stand as the weighted norm in the interior and the weighted observation from (0,7") x wy,
respectively. Let us fix m € (0,5/2). Using Theorem 3.1-Item 1, the dominating terms are bounded
from below as follows
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15
<2 — 3m> s°\6 //Qp2,6’355|w|2dxdt + 9ms3\ // P2 B1E3 \w, |Pdadt
3 | P8R 2 ol — Obs() e

whilst for D% we additionally use (3.4) and Young’s inequality (to distribute powers of s and A
according to the number of derivatives of w), to obtain

D] < (1 + % + 1)
S S

A
Therefore, by choosing sg and Ag large enough, we get
[wl|? 56 +B < (L1w, Low) () + Obs(w)? ¢, (3.7)

for all s > sg and A > Ag. Additionally, for the definition of R, we observes that the highest powers
are s*\ for the zero order term and s?A? for the first order term. From the regularity assumptions
of p, b and d we obtain we observe that for the residue term one has the estimate

11
IRwF2) S *A° //Q £4|w,2dzdt+52A2/Q§2,wx|2dxdt < ( + X2> [w]|2 5 ¢-

3.1.4. Estimates for the boundary terms. From the properties of 5 given by Theorem 3.1-Item 1,
no matter where wy is located, we have that $5,(0) and —fS5(L) are both positively bounded from
below, from which follows

Z / gs)\’w:v’ +€s)\‘w1:ac‘ )‘x - t<%0+%L

xp€{0,L}

To treat the terms contained in B*, as before, using inequality (3.4), we get

3 /" 1T
33 [ @080yt 55 [ @),y

and using Young’s inequality (to distribute powers of s and A accordingly),

T 1 /T .
38/\/0 (pQ(ﬁwg)zwwwzr)‘z:Ldt < 8/0 (|§?,)\‘wm‘2+£57>‘|w$:r|2)}r:1;dt‘

The analogous bounds hold for the terms evaluated at x = 0. We readily get for s > sg,

S [ @l ol

z,€{0,L}

RIS

[V

Then taking so large enough, from (3.7), for any s > sg and A > A¢ it holds
[wlZpe+ / 3 Mwal? + € wa )|, dt + Br S (Liw, Low) 12(g) + Obs(w)?  ¢-
1‘56{0 L}

3.1.5. Treatment of the terms at the interface. Recalling that SS,A = sA¢, we introduce the weighted
norm at the interface

=> / &\ wl? + &\ [vVpwa | +55,A|pwm|2) (t,a)dt.

ael’

First, since 8 and w satisfy the transmission conditions (3.2) and (3.6), respectively, we have

T
/ [pﬁméwtwm]adt = 0, Va eT.
0



CARLEMAN ESTIMATES FOR THE KDV WITH PIECEWISE CONSTANT MAIN COEFFICIENT 21

Now, the transmission conditions allow us to rewrite the remaining terms of ’Bdr"m as follows

3 [T - 3 [T .
3 | PSPl =3 [ Pl Bt ot )P

T N T N

4/0 [p252 g,)\|wﬂc‘2]adt = 4/0 (pﬁa?:) |cﬁL [B:C]agg,)\(tv a)|pwx(t7 a)|2dt’
3 (T - 3 (T -
5 /O [pZB:rgs,/\|wxx|2]adt = 5 /0 [ﬁx]ags,/\(t) a) |pwxx (t7 CL) |2dt,

T N T -
/0 PR B3E wwggadt = /0 (PB2) 1Bl (1, @) pwas (1, a)u(t, a)dt.

Let us define the vector function @y : (0,7) x I' = R3 by

tr

’a}s,/\(tv a) = (ég,)\ (tv a’>w(t7 a)? ES,/\(t7 a)\/ﬁwl‘ (tv a)apw:l?a? (t, a))

By the above computations we can write

3 (T B R
BL(q) = 2/ 587,\(t,a)(AwS,A(t,a),ws’A(t,a))R:;dt,
0
where A is defined by
P63l 0 3Bl
0 %[pﬁg]a 0
%[pﬁg]a 0 [Bz]

No matter where wq is located, since (3 satisfies the transmission conditions and Hypothesis 9 is
enforced, we have [3;], > 0 for any a € I'. Then, looking at the sign of each minor of A(a), we have

Al(a) = [p2ﬁg]a = (pﬂi)i, [ﬁm}a >0,
2354 0 8
Bafa) =det (W00 00 ) = S0 15:12 > .
1

8 p*B7la 3[pB3 ) 64 2
As(a) = det A(a) = ~[pB], det gt 3 ) = —(pB2)? 5>0.
1(0) = det Ala) = Slpatluder (12 20 500) — Eatp (9,2
Given that A(a) is a symmetric matrix with strictly positive minors, by using Sylvester’s criterion,
it follows that A(a) is a positive definite matrix. We thus choose v > 0 to be the minimum over
the lower bounds of the associated quadratic form to A(a) running over a € I'. We thus obtain,
uniformly in a € T', that

A(a) :=

T _ T _
/ gs,)\ (ta a) (Aﬂ}s,)\(t? a)v 1135,)\(757 a))RBdt Z 7/ és,)\(ta a)‘ws,/\(tv a) ’%@3dt‘
0 0

As we did with the boundary terms, by using inequality (3.4) and Young’s inequality, we get

1 1 11\ [T/, - -
low P (5 2, 73 2 2) ta)dt.
3@ (St ant gzt 1) ) (Bl + Ealvaud + Elpundl) 4.0

Since the above estimates are uniform with respect to a € I', by choosing sy and Ag large enough
yields that, for any s > sg and A > Ag,

‘w|%‘,s,)\,§ /S Br.
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3.1.6. Back to the original variable. Gathering the inequalities obtained in the previous steps, we
proved the following estimate for the conjugated operator.

Proposition 3.3. Let (w,p) satisfy Hypothesis M and let wy € w. There exist so > 0, A\g > 0 and
a constant C' > 0 depending on L, T, p, so, Ao and ||B||c3(o,c)\r), such that for all w € Vs we have

C(IerwlF gy + 12wz + Il e + ol one) < £qwl3ag) +Obs(w)?s e
for any s > sg and A > .

Now we go back to the original variable. Recall that u = e*w belongs to V and L,w = e™*"Lu.
Straightforward computations lead us to

e 2 Mug |* < Jwg|* + A2 w?,
€—2sn|uzx|2 5 |wxa¢|2 + 82)\252|w;¢|2 + 84)\4£2|U}‘2,

for all (¢,z) € @', from which we get
// 2 (XL + X g2 + 572 ) dadlt S ]2 6
Q
Using w = e~ *"u, similar estimates lead us to
Obs(w)2 ¢ < / / e~ 25 (35)\6£5|u|2 + A3 ug|? + s)\2§|um|2)dxdt.
" (0,T) Xwo
From the above estimates and using wy € w, Theorem 3.3 directly implies Theorem 1.1.

4. CONTROL TO THE TRAJECTORIES

The aim of this section is to prove the controllability result Theorem 1.2. To this end we will
consider the following two relevant systems. The first one corresponds to the linearized system to
(1.7) around the aimed trajectory ¥, which is

2t + p()2gax + 22 + (U2)e = b+ Lyv,  (t,z) € (0,T) x (0, L),
2(t,0) = 2(t, L) = z,(t,L) =0, te(0,7T), (4.1)
2(0,2) = zo(z), =€ (0,L),

coupled by (TC), where v € L?(0,T; L*(0, L)) is the control and h is a source in some appropriate
weighted space. The second relevant system corresponds to the adjoint system associated to (4.1)

—¢t = p(T)Puaz — Pz — Ypz =g, (t,x) € (0,T) x (0, L),
Qp(t70) = Qp(tv L) = Sox(tv 0) =0, te (O’T)’ (4'2)
QO(T,.T) = (PT(x)v T € (OvL)'

coupled by (TC), with appropriate initial data ¢ and source term g. The strategy follows a classical
duality argument which is briefly described below:

(1) We establish a suitable Carleman estimate for the adjoint system (4.2).

(2) By means of the Carleman estimate, we obtain an observability inequality for (4.2). We then
employ a variational approach to establish the null controllability of the linearized system
(4.1) with a right-hand side decaying near t = T.

(3) We then apply a local inversion result in a suitable functional setting, inherited from the
variational approach, to obtain the null controllability of the nonlinear system (1.7).

In this section, we closely follow Cerpa, Montoya and Zhang [ | and show their arguments can
be adapted to the piecewise constant case. The main point being the regularity estimates provided
by Theorem 2.11, which combined with the Carleman estimate of Theorem 1.1 will allow us to
obtain a suitable one-parameter Carleman estimate and henceforth carry out the strategy.
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4.1. A suitable observability inequality. Let y € XSW’T(O,L), whose existence is guaranteed

by Theorem 2.6. Let us introduce the operator £ :V — L?(Q) given by
Lz =z + p(x)2paa + 20 + (J2), (4.3)
defined on the space of functions
V={z¢eL*0,T; H;’W(O, L) | Lz € L*(Q), 2(0) = z(L) = 2/(L) = 0 and z satisfies (TC)}.

In what follows, let wy € w be non-empty and open, x € (1,2) and /3 be constructed by Theorem 3.1.
From now on, let us fix A > Ag large enough so the Carleman estimate of Theorem 1.1 holds true
with the weights 1 and ¢ introduced in (1.5). Let us denote

1
n(t) = t n(t) = i t t) = 55— 4.4
n(t) Jél[g,}i]”( ,x), (1) ng(l)g]n( ,x), C(t) T (4.4)
We have the following one-parameter Carleman estimate.

Proposition 4.1. Let (w,p) satisfy Hypothesis M. Let y € XSW’T(O,L) be a solution of (1.8).
There exist so > 0 and C > 0 depending on w, I, L, T, p, so, Ao and ||B|lcs(o,c)\r) such that for

any o1 € D(A*) and g € L?(0,T; D(A*)), the corresponding solution ¢ to (4.2) satisfies

/ /Q (S0 + ¢ 0al? + 5C|paal?) drdt

<C (// e~ 2 g2 dxdt + 7 // 663ﬁ+2577§7g0]2dxdt> , (4.5)
Q (0,T)xw

Proof. The proof is made in two steps: we first decompose the solution of (4.2) to have a regular
source term with suitable decay in ¢ and for which we will apply the Carleman estimate. This
decomposition will then allow us to employ a bootstrap argument to estimate the local terms
coming from the higher order norms on the right-hand side of the Carleman estimate.

for any s > sg.

Step 1. Decomposition of the solution. Let us decompose the solution ¢ of (4.2), with the aim of
obtaining L? regularity on the right-hand side of (4.2). Let us introduce z and u, solutions of

—Zt _p(x)zsn;tz — 2z — Y2z = P09, (t,:(}) € (O7T) X (07 L),
(4,0 = 2(t, L) = z(£,0) = 0, ¢t € (0,T), (4.6)
2(T,z) =0, xz€(0,L),

and

—Ut — p(m)um:a: — Uy — @ul‘ = (_PO)t(P7 (th) S (OaT) X (07 L)7
u(t,0) = ult, L) = ug(t,0) = 0, ¢ e (0,T), (4.7)
u(T,z) =0, ze€(0,L),

both of them coupled by the corresponding transmission conditions (TC), with po(t) := e~*7. By
uniqueness, we have pgp = u+ z. For the first system, using the regularity result for (4.6), we have

HZH%?(O,T;H}%W(O,L)) < OHPOQH%Q(Q)' (4.8)

Now, we apply the Carleman estimate of Theorem 1.1 for solutions of (4.7), with the new weights
(4.4) and fixed X\ as above, obtaining

C'// 6728?’(55C5|u\2 + 833 ug|? + 8¢|uge|?)dadt < // e~ 2| g2 dadt
Q Q

+ // e~ 2 (55C5|u|2dacdt + 8303 |ug|*dxdt + s{|um]2)dxdt. (4.9)
(0,T)xw
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Observe that on the right-hand side, we used |(po)sp| < Cs€3/2|poy| followed by the relation pop =
u + z, to then absorb the term containing u for s large enough and conclude using estimate (4.8).
Step 2. Local estimates. By classical interpolation (see Lions-Magenes | , Section 9])

Hl(w) = (L2(w),H3(w))1/372 and Hz(w) = (LZ(W)7H3(W))2/3,2-
Let € > 0. By Young’s inequality with (p,q) = (3/2,3) we get

§ // (3¢, Pdudt < ° / G2 Mul 43l d
(0,T)xw

T T
< G52 /0 4“/2e—3sn+5"rru\\;(w)dt+68‘2/0 e ulls ey dt

Similarly, with (p,q) = (3,3/2) we get

[ e st < / G ul 25l
(0,7)xw

T T

From the Carleman estimate and the inequalities above, we get

C’// e (" lul® + 83 Clug|® + sCluge|*) dadt
Q

T
< // e~ 2| g|?dxdt + s° // CTe 048N | 2 daedt + & <32/ Cze%"HuH?{g(w)dQ :
Q (0,T) xw 0

We want to estimate the local term containing ||u|]%,3 (@) By looking at the weights accompanying
the local H3-norm, let us introduce 4 = p(t)u with p(t) := s~1/2A~1¢"1/2e=%1. We thus see that 7
solves (4.11) with p replaced by p,
_at - p(x)axx:c - aw - gﬁx = ﬁ(_pO)tQO - b\tu7 (tv x) € (07 T) X (O’ L)?
u(t,0) = u(t,L) = uy,(t,0) =0, te(0,1), (4.10)
u(T,z)=0, ze€(0,L),

coupled by the corresponding transmission conditions (TC). Since ¢ € C([0,T], D(A*)), using the
regularity estimates given by Theorem 2.11, we have

—1/2,—1/2 _—s1, 112 a2
ls=/2¢Y Ml oz, 0.y = 181202203, 0.0))

< C(Is"*¢e™ Ml 2011 0.0y + 15"2¢e 01132 0 e 0.1)) -

We are then led to define @ = j(t)u with p(t) = s'/2Ce™*" aiming to estimate the first term of the
right-hand side in the inequality above. We see that @ is the solution of

—p — p(2)Ugzz — Uz — Yz = p(—po)tp — pru, (t,x) € (0,T) x (0, L),
a(t,0) = a(t,L) = u,(t,0) =0, te(0,T), (4.11)
a(T,x) =0, 0,L),

€ (
coupled by the corresponding transmission conditions (TC). As |(po):] < s¢3/2e7, we get
|pt| = 81/2|Ctpo(t) + C(po)t] S ( 1/2¢3/2 4 33/2C5/2)p0 < §3/2(5/2 =50,

Using once again Theorem 2.11, we obtain

H31/2<€_877UH%Z(O,T;ng(O,L)) = HﬂH%?(o,T;HgW(o,L)) < C(HS?’/QCS/QC_S%H%2(Q) + \\33/2C5/26_2877<P||%2(Q))-
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Gathering the above inequalities, we have
—1/2 —1/2 _—s7j, |12 3/2+5/2 —si, ||2
s Y ¢ e snuHL2(0,T;H§W(O,L)) < C(HS / Cs/ e ST]UHB(Q)
+ H53/2C5/2€_2sn@||%2@) + ||51/2(€_28n90”%2(0,T;H1(0,L)))’

Since (s,t) — s3/2¢%/2¢7 is bounded, using (4.8) we see that the right-hand side of the inequality
above is bounded by the left-hand side of the Carleman estimate (4.9) and [|pogl|2. (@)- Therefore

SR 4+l Pt + 152 e Tl 0.

T
<C // e 2\ g > dxdt + 57 // e~ 0TS T 2 dadt | +e <s_2/ (_26_2877Hu||§{3(w)dt) .
Q (0,7)xw 0

Choosing € > 0 small enough, the last term on the right-hand side above, can be absorbed by the
last term on the left-hand side above. To return to the ¢ variable, we use pgy = z +u and estimate
(4.8) to get

/ /Q NS + 3ol + 5E|paal?) drdt

<C (// e~ 25| g 2 dadt + // e 2S5l + s3¢3|ug? + sC!um|2)dxdt> .
@ Q

Once again, using estimate (4.8) and that (s, t) — s7e~0517451¢7 is hounded for s > sy and t € (0,7T),
we obtain

57 // e~ 0TSy 24 dt < C // e~ 2 g|2dxdt + 7 // e~ 052N o 2 dadt |
(0,T) xw Q (0,T) xw

Putting together the three last estimates, we arrive to inequality (4.5), finishing the proof. 0

For notational convenience, we introduce £* : V* — L2?(Q), the adjoint operator to (4.3),
L% = =t — p(2) Y2z — Vo — Yta, (4.12)
acting on the space of functions
V* = {4 € L*(0,T; H},, (0, L)) | L% € L*(Q), ¥(0) = ¢(L) = ¢'(0) = 0 and ¢ satisfies (TC)}.

We now introduce weight that does not vanish at t = 0. Let £ € C1([0,T]) be a positive function in
[0,T") defined by

B T%2/4  t€[0,T/2],
() = { HT —t) tel[T/2,T).

We then consider

1
oto) = (P =), ) = gy 00 = gyt ). 0= iy 0te)
We further ask that A > k2/||8|ls, Where x is the parameter used in Theorem 3.1. Thus, from
now on we assume that A\ > max{\g, k?/||3||oc } and therefore 2& < 3& holds. As a consequence of
Theorem 4.1 we have the following weighted observability inequality.
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Lemma 4.2. Under the assumptions of Theorem 4.1, there exist s and C such that every solution
¢ of (4.2) satisfies

//Q e (P01 + 7 @ul* + Tl paal?) dudt + |0(0) 1720 1)

<C // 6_25a|g]2d:cdt+// e 0saH2ALT 52 0ndt | . (4.13)
Q (0,T)xw

Proof. By construction, n = a and 7 = ¢ in (T/2,T) x [0, L]. Therefore, as a consequence of
Theorem 4.1 we get

T L
// / e~ 4sa (55T5|<,0|2 + 5373|<,096|2 + 57'|<pm|2)dxdt
7/2 Jo

T L
= / / 674877(5545’@2 + 33C3|‘P9&|2 + SC’SOxxyz)dxdt
172 Jo

<C // e~ 2\ g|2dxdt + 7 // e~ T o) 2 dadt |
Q (0,7)xw

From now on, let us fix s > sg. By construction of the weights, we only need to focus the analysis
on (0,7/2). Using inequalities e 257 < C and e~%*1+4s7¢7 > (' in [0,T/2], followed by the fact that
7 is constant in [0,77/2], we get

T L
/ / e~ 45 (8575\90]2 + 5373, | + ST]cpm|2)dxdt
172 Jo

<C (// e 2% g2 dudt + // 6_655‘+45a7'7|<p|2d:ndt> . (4.14)
Q (0,7) xw

Let us take a cutoff y € C1([0,T]) such that x = 1 in [0,7'/2] and x = 0 in [37/4,T]. Observe
that x¢ € V*, x(T)@(T,-) = 0 and L*(xp) = xL*¢ — xX'. Thus, given that g € L?(0,T;D(A*)),
by semigroup estimates we get

Ixelleqo.r,z20,0)) < Clixg — X ellr20,m;02(0,1))
from which follows
lelleqo,r/a,220,0) < Cllgllr20,37/4;2200,0)) + 12Nl L2 (772,87 /4:22(0,1)) -

By employing Theorem 2.11 and the above estimate, we obtain

2 2 2 2

1O Z2 0,y + 191 Z20.772:m2, 0,.0)) < CU9NE2 0 3774:22(0.9) + 19N L2 1287 8:22((0,00))-

Taking into account that

™38 > 0 >0, Vt e [T/2,3T/4] and e %% > C >0, Vi € [0,37/4],

we arrive to

T/2 L
/0 /0 e (s |l + 577 a4 s7lwral?) dadt + (|0 (0)][72 (0.1

sr/a L sT/a L
<C / /ezsa]g]2dxdt+/ /6450‘T5|cp|2d$dt . (4.15)
0 0 /2 Jo

Inequality (4.13) then follows, upon adjusting s > s¢ if necessary, by combining (4.14) and (4.15).
O
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4.2. Null controllability of the linearized system. Let us introduce the space
£ :={(z,v) | &%z € L}(Q), 7 201, € L*(Q),
01325 € X0, L), e*r%%(Lz — 1,v) € L*(0,T; H~ (0, L))},
which is a Banach space when equipped with the norm whose square is given by

I(z,0)|2 = Hesaz”%%@ + "779/2638d75avﬂw‘|%2(c3)
&,_—3/2 2s%,_—5/2 2
+ et ZHXIQ(O,L) + (|02 Lz — V1) 2201 (0,1))-
We now aim to solve (4.1) in the space £ with a right-hand side in an appropriate weighted space.

Indeed, in such case, from which the null controllability of the system follows given that e5¢773/22 ¢
C([0,7T],L?(0, L)) implies that z(T,-) = 0.

Proposition 4.3. Let (w,p) satisfy Hypothesis M and let T > 0. For any zo € L?(0,L) and
e*0r=5/2h € [2(Q), there exists a function v € L*(0,T; L?(w)) such that the associated solution
(z,v) to (4.1) satisfies (z,v) € E. Furthermore, there exists C > 0 such that

HUHL2(0,T;L2(w)) < C(HZOHH(O,L) + ”hHL2(Q))~ (4.16)
Proof. Set Q to be the space of functions ¢ € C3([0,T] x ([0, L] \ T')) such that:
* ¢, € C3([0,T) x 1), k € [0, N —1];
e ¢ satisfies the transmission conditions (TC);
e ¢ satisfies the boundary conditions ©(t,0) = (t, L) = ¢z(t,0) =0, ¢t € (0,T).
Let us introduce the bilinear form a(-,-) on Q

= // e (L) (LFw)dadt + // e~ 050F250 T pyndadt,  Y(p,w) € Qy x Qo,
Q wx(

where £* is the adjoint operator of £ defined in (4 .3). Observe that Carleman inequality (4.13) is
applicable for any w € Qy, thus

/ /Q o w2 drdt + |w(0)[720 1) < Ca(w,w), Yw € Qq. (4.17)

In particular, a unique continuation property holds, in other words, a(w,w) = 0 implies that w = 0
in Qp. Further, observe that the bound given here above implies that a(-,-) : Qy x Qp — R is
a coercive bilinear form. It being symmetric as well, a(-,-) defines an inner product in Qy. We
introduce Q as the completion of Qy for the form induced by a(-,-), which we denote by || o.
Certainly, Q is a Hilbert space and a(-,-) is a continuous and coercive bilinear form on Q.

Let us introduce the linear form G, given by

L
(G, w) = // hwdmdtJr/ zo(z)w(0, z)dz, Yw € Q.
Q 0
Given that e?*®77%/2h ¢ L?(Q), by the Carleman inequality (4.13), the linear form w € Q
(G,w) € R is well-defined and continuous. Indeed,
(G, w)| < [T 4 hl| 2 g lle™* 7wl 12y + 1200l 20,y (0, ) 20,1,
and using inequality (4.17) along with the density of Qy in Q, we have
(G, w)] < (I1e** T hl| 2(q) + Il20ll2(0.0) 1wl (4.18)
valid for any w € Q. Applying Lax-Milgram’s lemma, there exists a unique ¢ € Q such that
a(p,w) = (G,w), Yw € Q. (4.19)
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{

Given that ¢ € Q, we notice that the pair (2,0) verifies

a(p, ) = / / 9|22 dxdt + / / 057250771512 dpdt < +o00. (4.20)
Q (0,T)xw

Introduce
6—2565*@ in Q,
= —e 0sa¥250:75 0 in (0,7T) X w.

[SPIRNIY
Il

Furthermore, we see that Z is the unique solution by transposition of (4.1) with v replaced by .
Indeed, from (4.19) we readily get the variational identity: for every g € L?(Q) we have

//Q Zgdzdt = //Q(h + 0)wdzdt + /OL z0(2)w(0, z)dx,

with w € X2(0,L) solution of the adjoint (4.2) with right-hand side g and w(T,-) = 0, whose
existence is guaranteed by Theorem 2.11.

As a last step, we verify that (2,9) € £. From (4.20) we readily get %2 € L?(Q) and
e3sd—sar=T/24 ¢ [2(Q). Moreover, using the equation and that e2*%7-5/2h € L2(Q), we readily get

X052 (£ — 1,0) € L*(Q).
To check that e@773/22 € X9(0, L), we define
2 =325 and B = esaT_3/2(h + D).
Observe that z* satisfies the system

2 4 (@) 2hy + 25+ (§27)2 = W7 + (e0773/2),2,  (t,2) € (0,T) x (0,L),
2*(t,0) = 2*(t,L) = 2(t,L) =0, te(0,7),
24(0,z) = e¥O7=3/2(0)29(z), € (0,1L),

coupled by the corresponding transmission conditions (TC). Since e**h € L*(Q) and 2a < 3¢, we
get h* € L*(Q) and (e5%773/2),2 € L*(Q). For %y € L*(0, L), Theorem 2.3 along with an argument
similar to the one used in Theorem 2.11 give us z* € X2(0, L).

By considering ¢ as before, the bilinear form a and identity (4.19), we obtain estimate (4.16). [

4.3. Control of the nonlinear system. The last step relies on a local inversion result.

Theorem 4.4. | , Chapter I, Section 4, Theorem 4.1] Suppose that By, Bs are Banach spaces
and F : By — By is a continuously differentiable map. We assume that for b(l] € B, bg € By the
equality

F (b)) = by

holds and f’(b?) : By — B is a surjective. Then there exists § > 0 such that for any be € By which
satisfies the condition ||b3 — ba||g, < 0 there exists a solution by € By of the equation

F(b1) = bo.
We now prove the main control result for the nonlinear system.
Proof of Theorem 1.2. Let us set
Bi:=¢& and By = L*(*%7%/2(0,T); L*(0, L)) x L*(0,L)
and the operator F : By — By defined by
Fly,v) = (zt + p(2) 2020 + 20 + (U2)z + 222 — Ly, 2(0)).
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We now prove that F is of class C1(By, Bs). Let us assume that § € X2(0, L). By linearity, it only
remains to prove that the bilinear operator

1 N
(2", 0", (2% v%) € Ex E— 5(212’2)513 € L2(€2SQT75/2(0,T);L2(0,L>)
is continuous. Observe that
2581 =5/2; ¢ x%0,L),

for any (z,v) € £. By Sobolev embedding H'(0, L) < L>(0, L), we have

T
e e ol R G L LYo

+ 20322 w0y €20 T P2 o,y )
< Cll=" |1, 112* |, -

We are in position to apply Theorem 4.4, with b} = (0,0) € By and by = 0 € Bs. The derivative
F'(0,0) : By — By is given by

F(0,0)(z,v) = (zt + p(2)2g20 + 22 + (U2)z — Lo, z(O)), Y(z,v) € By.

Thus, there exists § > 0 such that, if |[2(0)[/z2(0,z) < 0, we can find a control v such that the
associated solution z of the nonlinear system (1.9) satisfies z(T,-) = 0 on (0, L). This finishes the
proof. O

5. LIPSCHITZ STABILITY IN RETRIEVING AN UNKNOWN POTENTIAL

In this section we follow [ ]. A key point in the latter work is that some symmetry
assumptions on the coefficient to recover and on the initial data are made, in order to avoid an
observation of the solution in some time Ty > 0, as usual in the parabolic case. To adapt this point
to our case, we introduced Assumption J, which will allow us to apply the Carleman estimate and
carry out the method.

We will need the following slight modification of Theorem 1.1. Let wy € w be non-empty and
open, k € (1,2) and g be constructed by Theorem 3.1 with wy as before. A Carleman estimate on
Q := (—T,T) x (0, L) like the one in Theorem 1.1 can be derived just by modifying the weights 7
and £ as follows:

efMlIBlloe — oAB(@) 4 (@)
S I B A v Ty
for (t,z) € Q. More precisely, we have the following.

77(t7 SC) =

Proposition 5.1. Let n and £ be as previously defined. Under Hypothesis I, there exist so > 0,
Ao > 0 and a constant C' > 0 depending on w, I, L, T, p, ||Bllc3(o,zj\r), S0 and Ao such that for
any u € V we have

C'// e 2 (SN0 u|? + 3N ug|? + SN2 |uge|?)dzdt < He_s”EuH%g(Q)
Q
+ // e 2 (SN |uPdadt + s3N1E3 ug|Pdadt + sAN2E|uge|?)dxdt  (5.1)
(=T, T)xw

for any s > so and X\ > Ao, with L and V similarly defined as in (1.3).

With this at hand, we can prove the Lipschitz stability result.
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Proof of Theorem 1.3. By Theorem 2.6 and Theorem 1.4, for any v = ‘B‘;‘iﬁ"‘ the data (yo, E) € Zo,1
is 6-compatible with respect to v, so both y := y[u] and z := z[v] belong to X§W7T(O, L). By Sobolev

embedding on each [j, this ensures the regularity needed to employ the Bukhgeim-Klibanov method.
Let us define

u(t,z) :==y(t,x) — z(t,x) and o(z):=v(r) — p(z).

Step 1: auziliary system. Let v = u; and note that v(0, z) := o(x)y) () satisfies v(0, z) = v(0, L—x)

for every x € [0, L]. Using the symmetry hypotheses, ¥ := v satisfies
¢t +p(x)¢xzm + (1 + 2)¢l" + @x?ﬁ = f> (t,.%’) € (_Tv T) X (O>L)7

w(tv 0) = ¢(RL) =0, te (_Ta T)v

Y. (t, L) =0, te(0,7),

Yu(t, L) = —v,(0,—t), te (-T,0),
¥(0,2) =o(@)yp(x), «€(0,L),

coupled by the corresponding transmission conditions (TC) with coefficient p, with f := o(x)z4 —

Yt — 2ttty and the symmetric and anti-symmetric extensions being defined, respectively, as

(gt (ta)e[0,T] x [0, L],
g(t, ) —{ WD o). (ra)c [—T,()>)<>< 0, 1],

5 B (t,z), (t,z) € 10,T] x [0, L],
g(t,x) = { g—g(—t,L — %), (t,z) € [-T,0) x [0, L].

Step 2: First use of the Carleman estimate. By compactness, we can find wg @ w which is symmetric
with respect to L/2 and (wy, p) satisfies Hypothesis 9. Let K > 0 be some constant such that

maX{”Z/Hleoo(o,T;WLoo(o,L)), HzHWLOO(O,T;leOO(O,L))} < K. (5.2)

This is consistent given that y, z € C([0,T], HS,, (0, L)) and by classical Sobolev embedding H' (I;,) —
L*°(I}) applied on each k € [0, N — 1]. We shall focus on the following integral

0 L L
/ ) /0 wlywdzdt — % /0 (0, 2)|w(0, z)2dz + 7, (5.3)

where J can be estimated by the Carleman estimate for the conjugated operator (obtained through-
out the proof of Theorem 5.1, compare with Theorem 3.3) as follows

T < Cs™3\73 <// e 2| f|?dadt

- / / (s A0 w P dzdt + 3 NE3|wy|Pdadt + sA2E|wee|*)dadt | . (5.4)
(7T,T)><0J0
Since w(0,z) = e~ 2102 g (z)yl () and |y} (z)| > ro > 0, we get

L r2 L
/ £2(0,2)[w(0,2)*dzx > 2 / e 20020, 2) o (z) P da.
0 0

Thus, we can use the last inequality to get a bound by below from identity (5.3) and then use (5.4)
along with Young’s inequality to get a bound by above, resulting in

L
/ e 200 e2(0, z)|o(z) 2de < s75/2A73 ( / / e~ 2| {2 dadt

0

+ // (5 X8 |w|?dxdt + sPNE3 |\ w,|Pdadt + s)\2£|wm|2)dxdt>
(=T,T)xwo
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for s > so and A > ). using the fact that 1 is even in time and w = e~ = e =290 we have

L
[ e mong 0 aiods 5 5 ([ et g et izt + (o))
0 Q

(5.

5)

where, M., (v) gathers the local terms in v as follows
Mo = [ (P PP 4 e o+ s P )dodt, (50)
(O,T)Xwo

with &, defined as &, (¢, ) := €F(t, ) + €8 (t, L — x), (t,z) € Q, for k = 1,3,5. Observe that we just
used the change of variables z — L — x and that wy is symmetric with respect to L/2.
We now look at the terms involving f. By using the bound (5.2), we get

// 67287](t7m)|f’2d$dt = // 672817(1&7%)’0'(%)25% — yxtu —_ Ztux|2d$dt
Q Q
L T pL
5/ e~ 25100 |5 () [2dz +/ / e 2N (|ul? + |ug|?)dadt.
0 0 0

Similarly, we have

// eQSn(t’Lx)f\Qdmdt:// e 2MEL) | 6 (2) 20y — Yortt — 2yug |2 dadt
Q Q
L T (L
< / e 210 L=0) o ()P + / / e 2L (u)? + fuy|?)dadt
0 o Jo

L 0 L
_/ 62Sn(0’x)‘0(1’)|2d$+/ / 672517(15,:1:)(‘@\|2_i_|a$’2)dl_dt7
0 -TJOo

where we used that t € [0,T) — e *1tL=%) is decreasing for any = € [0,L] and the change of
variables © — L — z. Gathering the last two inequalities we obtain

L T L
/ / (e=2(t) 4 o=2en(tL-2)Y| F Rt < / ¢~2102) | (2 2z + / / e 2([12 + |2 dadt.
Q 0 -T7J0
(5.7)

It remains to estimate the second term on the right-hand side of the above inequality.
Step 3: Second use of the Carleman estimate. We apply the Carleman estimate (5.1) to the equation
satisfied by @ to obtain

T L T L
/ / ¢ 260) (|52 4 [, |2)dadt < 537~ < / / €25 2y 2 ddlt
-TJo =T JOo

+ / / e 2P| UPdudt + s3E3 |, Pdadt 4 sE|Uyy|?)dzdt | .
(=T,T)xwo

As before, we use (5.2) to bound the first term. Then, we use the definition of the symmetric
extension to we rewrite the local terms at the right-hand side of the last inequality as integrals over
(0,T) X wo, Thus, with M, (u) as defined in (5.6), we get

T L L
/ / e 2D (G2 + |G [?)dadt < 57307 </ e 2100 g (1) da + M, (U)> . (58
—rJo 0
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Set c(s,\) := 1 — (s711/2X~7 4 575/2X73). Putting together inequalities (5.5)-(5.7)-(5.8) and then
using that z € [0, L] — e~2510:2)£2(0, z) is positively bounded above and below, we obtain that

(s, A) /OL o (@) Pdz S (s752A75 Mg (0) + 572X My (), (5.9)

for any s > so and A > A\g. As wy € w, we note that (t,z) € (0,T) x @y > s°€,(t, x)e21:2) jg
bounded by above for k = 1, 3,5, from which follows

My (u) + My (v) S ly — Z”?il([),T;HQ(w))'
Since 0 = p — v, the proof ends by choosing s and A large enough in (5.9) so that ¢(s,\) > 0. O

-

Remark 5.2. We point out that the regularity assumption (yo,h) € Zgr is not sharp. From the
proof, we need that z¢, Y+ belong to L>°(Q), which would follow by Sobolev embedding provided
they both belong to L>([0, 77, H;, (0, L)), with s > 1/2. This could be achieved if we ask (o, h) €
Z41sr (with an appropriate definition for non-integers). Nevertheless, a rigorous proof will employ
Tartar’s nonlinear interpolation (see | , Section 4]) and a characterization for the interpolation
of spaces involving the transmission conditions as given in Theorem A3. Moreover, the spaces Z,
are most likely not sharp in regards to the regularity of the boundary data, see Theorem 2.7 above.

We do not deepen in this direction as it is outside of the scope of this work.

6. SOME FURTHER REMARKS

6.1. Boundary observability. Under the hypothesis px > pr_1 with & € [0, N — 1], a straight-
forward modification to the proof of Theorem 3.1 lead us to the construction of 5 with observation
at x = 0. Given A > 0, we define

el AMBlloe _ gAB(x) eMB(x)

n(t,x) = (T —1) and &(t,z) = m,

for all (t,z) € @ and some k € (1,2). By following the same steps as before, we can obtain a
Carleman estimate with boundary observation for the solutions of the system

¢t + p(@)Paae + o =0, (,x) € (0,T) x (0, L),
o(t,0) = p(t, L) = px(t,0) =0, te€(0,7), (6.2)
(P(Tv :C) = (,OT(Z), VS (O,L),

coupled by the corresponding transmission conditions (T'C). The Carleman estimate is the following.

(6.1)

Proposition 6.1. Let n and £ be the weight functions defined by (6.1). Suppose that py > pr_1 for
all k € [1, N —1]. Then there exist s > 0, A\g > 0 and a constant C > 0 depending on L, T, po,
p1; |Blles(o,o\rys 75 S0 and Ao such that for all pr € D(A*) we have

T
C [ (NN + SN a4 X6l dadt < 5 [ IO 0) g (1,0)
Q 0

for any s > so and X\ > Ao, where @ is the solution of (6.2) associated to pp.

As classically done by the HUM method, under the hypothesis that py > pgp_1 for k € [1, N — 1],
the previous Carleman estimate can be combined with a dissipation estimate to obtain, for instance,
the boundary null controllability of the linear KdV equation

Yt +p($)ymc:c + Y = 07 (t,l’) € (O’T) X (O,L),
y(t,O) = h(t)a y(t7 L) = y:c(ta L) =0, te€ (O,T),
y(O,JZ) = yo(l’), S (07 L)?

coupled by the transmission conditions (TC), with control h € L?(0,T) and yo € L?(0, L).
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In regards to the boundary control to the trajectories for the constant main coefficient case,
Glass and Guerrero | | provided a positive result with one control acting on the left point of
the interval. Trying to adapt their ideas to the discontinuous case is an interesting problem, as the
proof is more involved, mainly due to the several regularity technicalities related to the boundary
value problem and also that it heavily uses interpolation arguments. The latter is a problem in
itself in the case of discontinuous coefficients, for which results like Theorem A3 below may be of
interest. We point out that similar issues has been faced in Parada [ ] when studying the KdV
equation on a star-shaped network.

Additionally, for the problem of exact controllability when only one control is acting on the
boundary, one may expect to see the critical length phenomena in the discontinuous setting as well.
Thus, the problem of exact controllability for every time, for a set of lengths and length of the set
of discontinuities is a wide open problem. See [ , Proposition 4, Remark 2| where the control
is acting on the Neumann boundary condition.

6.2. Monotonicity hypothesis on the Carleman estimate. The monotonicity hypothesis on
p, enforced trough Assumption 9, is crucial to obtain the Carleman estimate with main piecewise
constant coefficient. Indeed, we can then construct a weight function which is piecewise monotone
and satisfies the same transmission conditions as given by the main PDE under consideration, which
further allows us to obtain a weighted norm for the trace terms at the interface.

Regarding applications to inverse problems, it is worth noticing that a similar Carleman estimate
with boundary observation as the one used in [ | can be obtained under the hypothesis py >
Pk—1, k € [1, N — 1] (see also Theorem 6.1). However, this monotonicity condition is not compatible
with Hypothesis 91, the latter being necessary to employ the reflection trick and therefore to avoid
observations in some time T € (0,7"), as commonly found in the parabolic case. Whether one can
get rid of this monotonicity hypothesis on the coefficient p is an open problem.

The main difficulty is to construct a weight function that allows us to estimate the interface
terms coming from 12 in the Carleman estimate. These terms are not necessarily zero if the weight
function does not satisfy the transmission conditions. Observe that a similar difficulty is faced when
establishing a Carleman estimate for the KdV equation under Colin-Ghidaglia boundary conditions,
see Guilleron | | and Carreno and Guerrero | ]

APPENDIX A.

A.1. Inequalities toolbox. Let I C R be a non-empty interval and T" > 0. Let us introduce for
s > 0 the Banach space

Xi(I) = O([0,T], H*(1)) N L*(0, T; H* (1)),

equipped with the natural norm. We have the following estimate, used in Section 2 to obtain the
well-posedness of the nonlinear system (1.1); see Theorem 2.6.

Lemma Al. | , Lemma 3.3] Let s > 0 be given. There exists C > 0 such that for any T > 0
and u, v € X5(I),

T
/0 (s You(t, s (ndt < O + T |full . 1ol x50

The following result allows us to consider yy, as a source term in (2.8)-(TC).

Proposition A2. | , Proposition 4.1] Let y € L*(0,T; H'(I)). Then yy, € L*(0,T;L?(I))
and the map

y € L*(0,T; H'(I)) — yy. € L'(0,T; L*(I))
18 continuous and there exists C > 0 such that

Yy — ZZmHLl(o,T;L?(J)) < C(||Z/||L2(0,T;H1(1)) + ||ZHL2(0,T;H1(1))) ly — Z||L2(0,T;H1(I))-
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A.2. Interpolation with constraints lemma. The aim of this section is to describe the interpo-
lation of piecewise Sobolev spaces including the transmission conditions (2.2). To this end, we will
use Lofstrom’s results [ , ] on interpolation with constraints in a sort of black-box way.
In what follows we will work with the K-interpolation method, for which we set (-,-)g2 = (-,")o,
where we drop the subscript 2 for simplicity, as we will be working only with Hilbert spaces; we
refer to [ , Chapter 1, Section 1.3] or [ , Chapter 1] for further details on the topic.

Let us set T := (Tp, Ty, Tz) with T; : H3, (0, L) — R¥ ! defined as T} := (A},..., AV ") with

A;C(u) = aj’ku(j) (az) — ozjjk_lu(j)(a,;),

where oy := pi/ 2, j € ]0,2]. These functionals are well-defined by Sobolev embedding and encode

the NV — 1 transmission conditions at each order, since we can write
H;.(0,L) = H2,(0,L) NkerT. (A1)
The interpolation result is the following.

Proposition A3. Forany 6 € (0,1) with 6 & {%, %, %}, the interpolation space (L?(0, L), H3.(0,L))g
consists of those u € Hgfv((), L) such that

Tj(u) = 0 for every j € {0,1,2} for which 30 > j +1/2.

Remark A4. The analogous interpolation result holds if homogeneous Dirichlet and/or Neumann
boundary conditions are added. For the sake of simplicity, we choose to only consider the constraints
given by the transmission conditions for the analysis.

We first introduce some necessary notation for the proof. Recall that for s > 0, we iden-
tify Hp,(0,L) = HkN;Ol H#(Iy). For each k € [0, N —1], let Ey : H*(I;) — H*(R) denote the
corresponding Stein extension operator (see for instance [ , Theorem 5.24]) and set E :=
(Eo, - .., En-1) which maps Hj(0, L) into Hi\/:—ol H*(R) ~ H*(R;RY). Let us also consider the
restriction map Ry : H*(R) — H*(I}), and define R = (Ryp,..., Ry—_1). In particular, RE = Id on
L?(0,L) and H3, (0, L).

Let us introduce the functionals /N\g‘: : H3(R;RY) — R defined as

A¥(v) == AMR(v)

Tp—1V) = ozjykv,(ﬂj) (ag) — Olj,k—lv](gj_)l(ak‘)a
(ak)

where 7, denotes the projection into the k-th coordinate and I' ;" (w) := w7 (ag). These functionals
are indeed well-defined and continuous by one dimensional Sobolev embedding.

= aj7k1—‘§'ak)(

a
TRV) — aj7k_1F§.

Proof of Theorem A3. Let us introduce T’ := ToR. From the identity RE = Ingw(O’L), ifuekerT
then T(Eu) = T(REu) = T(u) = Ogn-1, which yields E(kerT) C kerT. Similarly, if v € ker T,
then T'(Rv) = T'(v) = Ogn-1, hence R(ker T') C ker T'. By kernel compatibility, the maps

E: H3,(0,L)NkerT — HYR,RV)NkerT,

R: H3R,RY)NkerT — H3,(0,L) Nker T,
are both linear and bounded between the endpoint constrained spaces. Since E and R are also

linear and bounded in L?(0, L) and L*(R;RM), respectively, by retraction-coretraction’s theorem
[ , Section 1.2.4] applied to the constrained interpolation couples, we can write

(L*(0,L), H3,(0, L) Nker T)g = R((L*(R; RY), H3(R; RY) Nker T)g). (A.2)
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To describe the retracted space above, we will closely follow the construction in | , Section
2.8]. For j € [0,2] and k € [1, N — 1], let us consider 9;x(t) := Gy * 0 i(t, ) /|0 (t, )72 ) with
inlt,s) = (DIGy)(ay, — s) and Gy(€) = (1 + ¢2[¢|°) 1. Tt satisfies T\ (0;,(1)) = 1 and

max ([0, ()[| 2wy 95k ()| 3w)) S %,
with breakpoint 6; := j+31/2, see | , Lemma 2.4]. For each fixed k, by [ , Lemma 2.5]

we can then construct a supporting sequence (1;); to the evaluation functionals ( g ar) )j with

breakpoints (6;);. Let ej be the kth element of the canonical basis in RY and let us take xy to be a
smooth cutoff function equals to 1 near aj with disjoint support for different k& with k € [1, N — 1].
In a similar spirit to [ , Lemma 6], for j € [0,2] and k € [1, N — 1], let us define
1
wik(t, ) = —xk()Vik(t, e

Oéjk

)

Since (8£¢j7k)(-, ay) = 0j¢ for £ € [0, 2], by support localization around ay, this construction yields
Al (wjk(8)) = O w80,
and that the breaking point of K? is 6; for every k € [1, N — 1], with j € [0, 2]. Moreover, it holds

max (||w; () 2@y tlwir Ol s@ay)) < 7.

This yields a supporting sequence (w; ) for the family (Kk) in the sense of | , Definition 2.3].
In particular, [ , Lemma 2.2] implies that (Ak) is a strongly independent famlly of functionals.
Now, let us put Ty = (Tg 0, T} Q,TQ .6) where T7 ; 1f 6 > 0; and Tjg = Ogpn~-1 otherwise, and

define Ty := (To,9, 11,9, T29) similarly using Tj instead of T Since interpolation works component-
wise (by retraction-coretraction), by classical interpolation of Sobolev spaces we get

N-1
(L0, L), Hpp (0, L))o = R((LAR;RY), HY(R;RY))g) = ] (L2(Lk), H(Ik))o = Hpny (0, L). (A.3)
k=0
We apply | , Theorem 2.4, Corollary 2.3] to (/N\?)]k on the couple (L?(R;RY), H3(R;RY)),
yielding
(LA(R;RY), H3(R; RY) Nker T) , = (L*(R; RY), H*(R; RY))g M ker T (A.4)

To conclude, since RE = Id also holds in HSVOV(O, L) by linear interpolation, as before, away from
the breakpoints 0;, we verify the kernel compatibility

E(ker Tp) C ker Ty and R(kerTy) C ker Ty, (A.5)
where we used that Ty = Ty o R. On one hand, using (A.2) followed by (A.4) and (A.5), we have
(L2(0, L), H3,(0, L) Nker T)g = R((L*(R; RY), H3(R; RY) Nker T')y)
C R((L*(R;RY), H3(R; RY))g) N R(ker Tp)
= (L*(0,L), H3,(0,L))g Nker Ty.

On the other hand, if u € (L?(0, L), HSW(O, L))o Nker Ty, by (A.5) we have v := Eu belongs to the
constrained space H3?(R;RN) Nker Ty. Using (A.4), we have v € (L2(R;RN), H3(R; RY) Nker T)g,
and therefore, by (A.2),

u=Ruv € R((L*(R;RY), H*(R; RY) Nker T)g) = (L*(0, L), H3,(0, L))s.
Recalling definition (A.1) and characterization (A.3), this ends the proof. O
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We now derive auxiliary interpolation identities when the right endpoint space is D(.A*) as defined
in Section 2.1. Let us define the endpoint couple Ey := L?(0, L) and E3 = D(A*), the latter endowed

with the graph norm (equivalent to the H-HHSW(O’L)—norm). For o € (0,3) away from {%, %, %}, let

us set By := (Eo, £3),/3, which is well-defined by Theorem A3-Theorem A4 (from now on, only the
former will be referenced). Using duality for real interpolation of Hilbert spaces, we have E_, = E! |
with duality taken with respect to L?-pivot. If we set F_3 := EY, we have a Hilbert triple

E3 — EO — E,3.

From now on, all equalities below are understood up to equivalence of norms. Since complex and
real interpolation coincide (up to equivalent norms) in the Hilbert setting, by [ , Proposition
2.1] we have

(E_g7 E3)1/2 - E(). (AG)
By Theorem A3, Ey = (Ey, E3)/3 = Hg(0, L), hence E_; = H1(0, L). Next we express both E_;
and Fs as interpolation spaces associated with the couple (E_3, E3),
E_y = (E_3,F3)1y3 and Ey = (E_3, E3)5/6.

Indeed, using duality, symmetry and then reiteration for the real method | , Section 1.11.2,
Section 1.3.3, Section 1.10.2] and (A.6),

E_1 = E| = (Eo, E3)) 3 = (Eo, B—3)13 = (E_3, Eo)a/3 = (E—3, (E_3, E3)1/2)2/3 = (E—3, E3)1/3-
Similarly,
Ey = (Eo, E3)a/3 = (E-3, E3)1/2, E3)2/3 = (E_3, E3)5/6-
Then, by reiteration,
(-1, Ea2)y = ((E-3, E3)1/3, (E-3, E3)5/6)n = (E-3, £3)a()»
where 0(n) = (1 —n)3 +n3. Therefore, if we pick n = 1/3 and 5 = 2/3 we get
(E_1,E3)1)3 = Eg = L*(0,L) and (E_1, E2)y/3 = Fy = Hy(0,L).

Set HEC’DDN(O, L) := Ej, which corresponds to those u € H2 (0, L) such that Tou = Tyu = Ogn-1
and u(0) = u(L) = «/(0) = 0, as precised in Theorem A3. We thus have the following lemma.
Lemma A5. It holds

(H(0, L)thQC,DDN(Oa L))s = L*(0,L) and (H™'(0, L)’H?C,DDN(Oa L))gy3 = Hj(0,L).

(H™'(0,L), "z ppx (0, L)1 /3 = L*(0, L),
(H™'(0, L), Hz. ppx (0, L))2y3 = Hy (0, L).
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